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In the case of truncation, which is the widespread phenomenon plaguing
the majority of all fields of empirical research, the observed data distri-
bution function is truncated and related to participants’ covariates only,
rendering Heckman’s seminal and known correction procedure not imple-
mentable. Thus, for the correction of endogenous selectivity bias propa-
gated by truncation we introduce a new methodology that recovers the
unobserved part of the data distribution function, using only its observed
truncated part. The correlation patterns among the non-participants’ co-
variates (which are all functions of the recovered non-participants’ density
function) are recovered as well. The rationale underlying the ability to
recover the unobserved complete density function from the observed trun-
cated density function relies on the fact that the latter is obtained by
conditioning the former on the selection rule. Consequently, the param-
eters set which characterizes the truncated density function contains all
the parameters characterizing the unobserved non-truncated density func-
tion. Thus, it is possible to characterize the unobserved non-participants’
density function in terms of the parameters estimated using the truncated
data soley. Once this unobserved part is recovered one can estimate the
selection rule equation for the hazard rate calculation as if the full sample
consisting of both participants and non-participants is observable. Monte-
Carlo simulations attest to the high accuracy of the estimates and above
conventional
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1. Introduction

The Heckman (1976, 1979) correction for selectivity bias has become an impor-
tant tool routinely employed in the analysis of censored data. Problems of selec-
tion bias are of great importance in research in general and in applied economic
research in particular. The problem arises when observations are not randomly
selected into the sample thus potentially propagating endogenous selectivity bias.
The aforementioned bias arises from a correlation between two error terms, one
of which is generated by the participation equation and the other is generated
by the substantive equation of interest.

Heckman (1976) introduced a two-step procedure correcting for the selectivity
bias. The first step is based on estimation of a Probit regression for the propensity
to participate in the sample in order to generate the inverse Mills ratio (the
hazard rate), which in the second step, is inserted in the equation of interest
as a covariate. In order to implement the Heckman’s correction procedure, the
Probit model of participation must be identified, meaning that there is a need to
observe both participants and non-participants. This, however is rarely the case
as the data available to researchers are truncated rather than censored and as
such no information regarding non participant observations exists.

This paper develops a methodology to correct for selectivity bias in truncated
samples stemming from endogenous selection rule. We formulate the relation-
ship among the observed truncated density function, the selection rule (which
depends on unknown estimable parameters) and the unobserved non-truncated
density function to be recovered using the underlying data. Specifying an indi-
cator variable S = 1 for being selected, the probability to be selected for each
observation with a covariates vector (z1, .., zp) is Pγ(S = 1|z1, ..., zp). We assume
that the observations in the non-truncated sample are randomly drawn from a
multivariate normal distribution function, with the density function fη(z1, .., zp).
However, only the selected observations are observed in the truncated sample.
Hence, one can characterize (using the same unknown parameters) the trun-
cated density function fθ(z1, ..., zp|S = 1), where each parameters vector γ and
η represents the selection rule’s and the non-truncated density function’s un-
known parameters respectively. The entire set of parameters to be estimated is
denoted by θ = [η,γ]

T
. The proportion of participants in the complete sample,

Pθ(S = 1), is a function of θ and describes the probability of a randomly chosen
observation (from the complete sample) to be selected.1 Thus, for a participant
with the covariates vector (z1, ..., zp), the relationship between the observed trun-
cated density function (the posterior) and the unobserved non-truncated density
function (the prior) given Bayes’ rule is:

(1.1) fθ(z1, ..., zp|S = 1) =
fη(z1, ..., zp)Pγ(S = 1|z1, ..., zp)

Pθ(S = 1)
.

1The probability of a randomly chosen observation from the non-truncated sample to be
selected is: Pθ(S = 1) =

∫∞
v1=−∞

...
∫∞
vp=−∞ Pγ(S = 1|v1, ...vp)fη(v1, .., vp)dv1...dvp.
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The density function product
∏n
i=1 fθ(z1i, .., zpi|Si = 1) based on (1.1) thus

reflects the conditional (on participation) density function which generated the
truncated sample of participants. Using this density product function we search
for the parameters vector θ which maximizes the likelihood to obtain the trun-
cated sample we observe.2

In a similar fashion to (1.1), the conditional density function of a non-participant
with the covariates vector (z1, ..., zp) given Bayes’ rule is:

(1.2) fθ(z1, ..., zp|S = 0) =
fη(z1, ..., zp)Pγ(S = 0|z1, ..., zp)

Pθ(S = 0)
.

The unobserved non-participants’ truncated density function in (1.2) depends on
the same unknown parameters as the observed participants’ truncated density
function in (1.1). Thus, once estimating these common unknown parameters
(using the sample of participants) it is possible to characterize the unobserved
non-participants’ covariates correlation patterns and their vector of expectations
which are all functions of the unobserved non-participants’ truncated density
function.

The rationale underlying the ability to recover the unobserved complete den-
sity function from the observed truncated density function relies on the fact that
the latter is obtained by conditioning the former on the selection rule.3

In order to allow for dichotomous variables, which are routinely used in the
social sciences, we introduce a cohorts set J ≡ {1, 2, ..., J − 1, J} consisting of
J mutually exclusive cohorts such that each observation i belongs to a specific
one cohort j ∈ J . The number of participants and the number of observations
in the j’th cohort are denoted by nj and Nj respectively. Nevertheless, only the
former is observed in the truncated sample, while the aggregate share of each
cohort in the population (or in the complete data) is unknown. Additionally, the

total number of observations N =
∑J
j=1Nj in the complete sample is unknown,

but will be recovered post estimation, conditional on the fact the selection rule
is endogenous and not random.4

Denote the observations indices belonging to j’th cohort by Ij for each j ∈ J ,
and a dichotomous random variable for being a memeber in the j′th cohort,

2This parameter vector contains both the γ parameters vector for the selection rule and the
parameters vector η characterizing the non-truncated density function.

3Cosslett (1981a,b) introduced a non-parametric estimation methodology for an endoge-
nous selectivity bias correction in a multinomial discrete choice model in cases where all the
alternatives are included in the sample or alternatively by completing the data (enriching the
sample) using an additional sample consisting of alternatives that are underrepresented in the
first one (non-participants). However, we are dealing with a truncated sample, in which the
non-participants’ data do not exist and thus cannot utilize any enriched data.

4If in addition to the endogenous selection rule, there is also a random selection process
(focusing only on a random sub-sample of the participants), it is still possible to estimate the
model, but not to recover the various shares of the sub-populations.
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defined as follows:

(1.3) Dji =

{
1, if i ∈ Ij
0, if i /∈ Ij

.

It must hold that
∑J
j=1Dji = 1 ∀i since all the cohorts are mutually exclusive by

construction. For simplicity of notation every cohort j ∈ J can be represented
by a unique dichotomous variables vector Dj of size ((J − 1)× 1) such that all
of its elements are zero, except for the j’th element, and DJ is a vector of zeros.

Our methodology treats each group of observations (cohort) as a separate sub-
sample drawn from a unique truncated multivariate distribution function, such
that each cohort j ∈ J is characterized by a unique parameters set θj ≡ [ηj, γj ]

T

and θ ≡ (θ1, ..., θJ ) is the entire parameters set to be estimated.
Additionally, the decomposition of the truncated data into cohorts accommo-

dates for the binary dependent variable, participation, to be completely separated
by the cohorts5. For instance, if the data consist of two cohorts: employed men
and unemployed women solely, and one is interested in estimating the contribu-
tion of gender to the probability to be employed, conventional binary response
models (such as Probit or Logit) cannot estimate the coefficient of gender since
unemployment, the binary outcome variable, is completely separated by gen-
der. However, if the complete separation is applied only to the truncated data,
reconstructing the data and completing the information regarding the omitted
control groups can solve the problem of complete separation. In this example,
there are two omitted control groups to be recovered: unemployed men and em-
ployed women. Once these omitted control groups are recovered, one can estimate
the effect of gender on the probability of being employed as if one utilizes the
complete data consisting of all four cohorts.

Formally, the omitted control groups problem in the case of dichotomous vari-
ables is modeled using a participation’s state variable (two mutually exclusive
states such as employed and unemployed) sj ∈ {0, 1} defined individually for each
cohort j ∈ J . This variable does not vary within groups (cohorts), although it
can be varied among cohorts, leading to a complete separation.

The entire data on the continuous covariates in the presence of dichotomous
variables, is distributed as a Gaussian mixture, defined as follows:

(1.4) fθ(z) =

J∑
J=1

P (D = Dj)fθj (z|D = Dj),

In practice, the dichotomous variables probability function P (D = Dj) is un-
known since it represents the proportion of any sub-population in the unobserved
complete sample. Thus, we introduce a procedure that does not assume a specific

5A complete separation occurs when the outcome variable separates a combination of pre-
dictor variables completely (or to a certain degree) (Albert and Anderson, 1984). As a result,
the maximum likelihood estimate for the set of completely separate covariates does not exist.
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distribution function for the dichotomous variables. The estimation procedure is
based on two steps. First, we obtain the density function product in the case of
dichotomous variables which is calculated as follows:6

(1.5) L =

J∏
J=1

n∏
i=1

[
P (D = Dj |Si = sj)fθj (z|Si = sj ,D = Dj)

]Dji
,

Once all of the sub-samples’ truncated distribution functions are estimated us-
ing the observed data, the entire data unobserved complete distribution function
is recovered.

The j’th cohort’s density function for a participant with the covariates vector
z ≡ [z1, ..., zp]

T of size (p× 1) is:

(1.6) fθj (z|S = 1,D = Dj) =
fηj (z|D = Dj)Pγj (S = 1|z,D = Dj)

Pθj (S = 1|D = Dj)
.

In a similar fashion to equation (1.2), the j’th cohort’s density function for a
non-participant with the covariates vector z is:

(1.7) fθj (z|S = 0,D = Dj) =
fηj (z|D = Dj)Pγj (S = 0|z,D = Dj)

Pθj (S = 0|D = Dj)
.

Using this density product function in (1.5) we search for the parameters vec-
tor θ which maximizes the likelihood to obtain the truncated sample we observe.
In order to reduce the parameters’ dimensionality in case where every two co-
horts j, j′ ∈ J satisfies sj = sj′ , one can impose restrictions on subsets of the
parameters to be the same across cohorts. For instance, imposing a restriction
such as γj = γ ∀j ∈ J , implies that there is no discrimination in the selec-
tion rule among cohorts. Yet, the cohorts are differentiated according to their
characteristics’ distribution function.

The proportion of participants P (D = Dj |Si = sj) which belong to co-
hort j conditional on being selected and denoted by πj , can be estimated non-
parameterically, as follows:

(1.8) π̂j =
nj∑J
j=1 nj

, ∀j ∈ J .

Since the π1, ..., πJ estimators are not functions of the parameters vector θ to
be estimated, one only needs to maximize the simplified version of the likelihood

6In cases where there are at least two different cohorts j and j′ satisfying sj 6= sj′ , the
conditional density product in (1.5) is estimated under the assumption of unique parameters
set for each cohort in order to simplify the likelihood function. In other cases, one can impose
restrictions on the parameters to be the same across cohorts using the aforementaioned density
fuction product.
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function in (1.5), which is:

(1.9) L∗ =

J∏
J=1

n∏
i=1

[
fθj (z|Si = sj ,D = Dj)

]Dji
,

In the second step (post-estimation) one can calculate the probability for a
random observation to participate for each cohort, separately, as follows:

(1.10) P̂θj (S = 1|D = Dj) =
nj
Nj

,

implying that we obtain the following estimator: N̂j =
nj

Pθj (S = 1|D = Dj)
for the total number of observations in the j’th cohort (participants and non-
participants).

Then we introduce the following estimator for the proportion of participants
in the complete sample:

(1.11) P̂ (S = 1) =

∑J
j=1 nj∑J
j=1 N̂j

Additionally, an estimator for the proportion of observations in the complete
data which belong to the j’th cohort can be obtained, as follows:

(1.12) P̂ (D = Dj) =
N̂j∑J
j=1 N̂j

We depart from the existing selectivity bias literature (Heckman, 1974, 1976,
1979) which (unlike in the case of truncation) has access to the entire distribution
of the data and assumes a joint normal distribution function for the selection
model’s disturbances. Instead of the disturbances’ joint normality distribution
assumption, our approach specifies a multivariate normal distribution function
(and its density function) depicting the likelihood for each observation to oc-
cur in the complete (albeit unobserved non-truncated) data. Then, based on the
chosen multivariate normal density function and the participation equation we
construct the truncated distribution function (and its density function), show-
ing the likelihood for each observation to occur in the incomplete (truncated)
data. We estimate the parameters of that truncated multivariate density func-
tion by the maximum likelihood method, such that some of the parameters to
be estimated are the Probit regression coefficients and the others are inciden-
tal (nuisance) parameters (characterizing the multivariate density). Once these
Probit coefficients are estimated by our new approach, we calculate the prob-
ability of being sampled for each individual observation, as if we regressed the
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conventional Probit model on the entire data, consisting of both participants
and non-participants. Based on these predicted probabilities we calculate the
inverse Mills ratio in a similar fashion to Heckman’s methodology and estimate
the equation of interest using the inverse Mills ratio as an additional covariate.
This solves the endogenous selectivity bias stemming from truncation.

Due to the generality of the methodology, this approach can be extended for se-
lectivity bias correction based on any binary response model (Probit, Logit, etc).
For sake of compatibility with Heckman’s correction, we implement our method-
ology for the case of Probit regression. Additionally, an important contribution
of our methodology arises from the information embodied in the incidental pa-
rameters which are estimated for the purpose of the recovery of the complete
(non-truncated) multivariate normal density function. We show that the inci-
dental parameters can be utilized to ’reverse engineer’ the unrestricted data
generation process, and as a byproduct recover the correlation patterns among
all covariates, and each individual covariates’ vector of variance and expectation.
Moreover, we can infer the correlation patterns among the non-participants and
estimate the proportion of observations which are not included in the sample
due to selectivity bias.

The paper is organized in the following way. In the next section we discuss
issues concerning selectivity bias in the various fields of research and existing
methods available in the literature for its correction. The third section prepares
the ground for our methodology to deal with truncated samples. At first, we
present the main problem of endogenous selectivity and the limitation of common
approaches as a motivation for the new approach. We then discuss our approach
for dealing with truncated data. The fourth section presents truncated Probit
regression (in comparison to non-truncated Probit), including model’s parame-
ters estimation by the maximum likelihood method. The fifth section introduces
Monte-Carlo simulations generating multiple random data sets to be used for
the estimation of the truncated Probit. We compare results which emanate from
the non-truncated and truncated data corrected for selectivity bias. The sixth
section presents implications for applied empirical work and the seventh section
concludes.

2. Discussion

Truncation and its derivative bias is present in virtually all areas of empirical
research. In social sciences selectivity bias had been dealt with in variety of
studies. In labor economics, e.g., there exists selection bias stemming from the
exclusion of the unemployed from the data (Killingsworth et al., 1986). Another
instance of bias may exist in the case of ’publication selection bias’ which may
arise because of the tendency in virtually all scientific fields to report statistical
results that tend to reject the hypothesis of no effect (Ashenfelter et al., 1999),
implying that we may observe biased published stock of knowledge.
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Based on a study of gender participation in a competitive environment, there
is evidence that despite the absence of gender differences in performance, men
are more than twice as likely to enter the tournament (Niederle and Vesterlund,
2007), implying that women self select out of competition, leading to bias in the
estimated contribution of gender to performance.

Economics duration models are also faced with incomplete data of different
kinds. For example, in the case of a non-participation duration analysis (for e.g.
measuring the unemployment duration), individuals who are non-participant for
a short period of time (between two successive surveys) are underrepresented in
data (Kiefer, 1988), leading to an over estimation of the non-participation length
(conditional on being a non-participant). In the case of truncated data as it is
dealt with in our model, we observe a sample of participants only, and as a result
we do not observe the non-participants’ covariates at all. However, in duration
models both participants’ and non-participants’ covariates are observable.

In quantum physics and theoretical chemistry, due to computational limita-
tions it is not feasible to utilize all the required observations (electrons) which
can amount to data size of sextillion (1021) terabytes. Kohn and Sham (1965) uti-
lized the density function theorem (DFT) to reduce the data requirement to just
a few hundred kilobytes, well within the computation capacity. This however,
can introduce selectivity bias.

In the field of computer science there is a use of ’machine learning’ for selec-
tivity bias correction. However these methodologies are applicable only if two
types of data sets are accessible to the researcher (Huang et al., 2006; Sugiyama
et al., 2012): the unbiased data set (training data) which enables learning about
the population true distribution and another data set which is biased (test data)
and is intended for making predictions. The relative frequencies in the later data
set are corrected using the relative frequencies in the former data set. Otherwise,
these methodologies are not feasible in cases where one has no access to the full
sample, i.e., truncation.

Another set of approaches dealing with truncation belongs to the field of sur-
vival analysis and are commonly employed in actuarial science (Cox, 1972). There
are two key differences between survival analysis such as Kaplan Meier7 (Bland
and Altman, 1998; Kaplan and Meier, 1958) and our truncated sample approach.
First, in survival analysis, the data consist of both survivors and non-survivors,
such that we observe each individual (participant or not) at least one period of
time. However, in truncated data dealt with in our model, each observation is
sampled only once and non-participants are excluded from the very beginning
from the truncated sample. Thus, we solely observe participants. In terms of
survival analysis, we have a sample consisting of survivors only.

7The survival probability S(tj) in time tj can be estimated using: S(tj) = S(tj−1)
(

1− dj
nj

)
.

Where S(tj−1) stands for the survival probability in time tj−1, nj represents the number of
individuals alive (participants) just before tj , and dj stands for the number of events (becoming
non-participants) at tj .
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Second, if the parameters vector of interest ,γ, is known or we observe the
participation propensity variable Y2i

8 for each observation i preserving Y2i =
Z′iγ + ξ2i (see equation (2.2) that follows) we can treat each observation i’s
covariates mixture as an equivalent to the observable truncated time variable in
survival analysis. However, since these parameters are unknown and the variable
Y2i is latent (it is not observed in the data), one cannot employ survival analysis
in order to deal with the truncation for sake of selectivity bias correction.

Additional widely employed methodology in economics dealing with trunca-
tion, is a truncated regression analysis (Amemiya, 1973). This approach is ap-
plicable if the truncation depends entirely on the dependent variable, in the ab-
sence of an endogenous selection rule dictating which observations are included
or excluded. In many cases, the dependent variable has a lower or upper limit
(truncation point),9 implying that conditional on the covariates, the dependent
variable’s support is bounded in a deterministic fashion, such that Y1 can take
only certain values conditional on X. Hausman and Wise (1977) introduced a
methodology to estimate a truncated regression in the case that the dependent
variable in each observation individually is required to satisfy a constraint. For
instance, we observe a sample consisting of observations with current family in-
come (the dependent variable) below their last year family income (an individual
cut-off for each observation).

Incidental truncation models deal with an endogenous selection rule that de-
termines which observations are included in the truncated sample, instead of a
direct truncation on the dependent variable. In these models the selection rule
is determined endogenously (Heckman, 1979) as a function of the observation’s
covariates vector Z (the systemic part) as well as a random disturbance (the
non-systemic part), the truncation is only in probability space (it is not a deter-
ministic function of the covariates). Thus, due to the random disturbance term
in the selection rule, there is no implicit restriction on the Y1 variable (taking
only values above or below some constant y0) that can be imposed to correct for
the selectivity bias. As a result, the substantive equation’s dependent variable
Y1 can take (in a large sample) any value conditional on the covariates vector X.

In the case of truncation, the sample is restricted to participants only. Thus, all
the approaches above dealing with a direct truncation on the dependent variable
or utilizing the information embodied in the non-participants’ covariates are not
applicable for the endogenous selectivity bias correction.

A methodology for endogenous truncation bias correction in the absence of
non-participants data, was introduced by Bloom and Killingsworth (1985). That

8The participation propensity is a continuous random variable measuring, for each observa-
tion, its likelihood to be included in the truncated sample.

9For instance, in the case of a left truncation one can only observe a sub-population
of the dependent variable satisfying Y1i ≥ y0, implying that y0 is served as a truncation
point. The estimation method involves the maximization of truncated density function prod-
uct

∏n
i=1 f(Yi|Yi > y0) with respect to the β parameter values, where Y1i = X′iβ+ ξ1i and f

is a density function, truncated at the point y0.
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approach was intended for selectivity bias correction in the special case of joint
normally distributed disturbances.10 However, in the general case, the joint dis-
tribution of the two equations’ disturbances is unknown and a violation of the
disturbances’ joint normality distribution assumption leads to biased estimators,
especially in the case of truncation as was shown by Arabmazar and Schmidt
(1982). Lee (1982) showed that when the distributions of the disturbances are
misspecified to be normal, one may not be able to even detect the presence of
selectivity bias in the regression equations. Additional disadvantage of that ap-
proach is that one cannot estimate the proportion of participants and measure
the magnitude of truncation. This however requires the non-participants data to
be recovered which we do in the present paper.

Thus, we suggest a new methodology that is applicable in cases where the
disturbances’ joint-distribution function is unknown and it is not necessarily bi-
variate normal.11 Our methodology enables estimating the selection equation
using data reconstruction, implying that one can recover the unobserved part
of the data distribution function and calculate the percentage of missing data
(the proportion of non-participants). Moreover, the selection equation is esti-
mated without specifying any distribution function for the substantive equation’s
disturbance. The aforementioned disturbance is not restricted to be symmet-
ric about zero given the covariates or identically and independently distributed
(heteroskedasticity is allowed). Additionally, as will be shown in section (4.3) the
estimation procedure allows for a complete separation of the outcome variable
when one employed dichotomous (dummy) variables which are frequently used
in social research.

Several semi-parametric methods can be employed for selectivity bias correc-
tion in censored data using a two steps procedure. These methods are appropriate
for dealing with a general dependence between the substantive equation’s dis-
turbance and the selection equation’s disturbance. One method approximates in
the second step the selection term in the substantive equation using a polyno-
mial of the probability to participate estimated in the first step (Newey, 2009).
Another method is referred to as a pairwise difference and is based on matching
any two observations in the second step with a similar probability to participate
to eliminate the selection term by first order difference (Ahn and Powell, 1993;
Powell, 1987).

For the truncated selection model in semi-parametric methods, identification
and estimation of the unknown parameters is much more difficult. The methods
involve one-step procedure which imposes some restrictions on the disturbances.
The model is referred to as ”Type 3 Tobit” (Amemiya, 1985) and imposes the
restrictions on the conditional symmetry of the disturbances about zero given

10That methodology involves both equations’ unknown parameters estimation by a maxi-
mization of the likelihood function based on the conditional (on participation) joint density
function of the two equations’ dependents variables. This density function is obtained under
the disturbances’ joint normality distribution.

11As is assumed in Bloom and Killingsworth (1985).
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the covariates (Powell, 1994). Another method is based on a procedure suggested
by Honoré and Powell (1994), where the model is estimated without intercepts
and the disturbances are symmetric or independently and identically distributed
(Honore et al., 1997).

In the present paper we introduce a two step procedure: in the first step one
estimates only the selection rule’s unknown parameters (regardless of the sub-
stantive equation) and in the second step estimating the substantive equation’s
unknown parameters, using the probability to participate (estimated in the pre-
vious step) as an additional covariate.

In next section, we will distinguish between two types of missing data: censored
and truncated. In both cases, we have missing data on the dependent variable in
the equation of interest for all the observations related to the non-participants.
However, in a truncated sample we do not observe the non-participants covariates
(which are related to the selection rule equation), implying that the observed
data on these covariates are drawn from a truncated distribution function, while
in a censored sample the observed data on these covariates are drawn from
the complete distribution function. Due to the difficulty of not being able to
employ the information embodied in the entire distribution function, stemming
from its absence, one has to deliver methodology capable of recovering the non-
truncated density function. This is the main innovation of the present paper in
the correction for endogenous selectivity bias under truncation.

2.1. Two Equations Selection Model

We first present the general structure of an endogenous selection model, by
characterizing the set of two regression equations to be estimated, each depicting
a dependent variable denoted by Y1i and Y2i and disturbances ξ1i and ξ2i respec-
tively. The first equation is a linear function of a (1× (k + 1)) covariates vector
Xi and is referred to as the substantive equation (of interest), for k number of
covariates excluding the intercept. The second equation is a linear function of a
(1× (p+ 1)) covariates vector Zi and is referred to as the selection equation, for
p number of covariates excluding the intercept.

For a random sample of N observations, the regression equations (substantive
and selection) for individual i may be written as (Heckman, 1974, 1976, 1979) :

Y1i = X1iβ + ξ1i(2.1)

the substantive equation, where β is a (1× (p+ 1)) parameters vector
consisting of k + 1 coefficients including an intercept, and,

Y2i = Ziγ + ξ2i(2.2)
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the selection equation, where γ is a (1× (p+ 1)) parameters vector
consisting of p+ 1 coefficients including an intercept.

In order to estimate the substantive equation (2.1), one must estimate the
selection equation (2.2) while assuring zero mean and homoscedasticity.

The population regression (2.1) is:

(2.3) E [Y1i|X1i] = X1iβ, i = 1, .., N

However, the dependent variable in the substantive equation Y1i is observed
if and only if Y2i > 0, implying that our sample is incomplete.

The regression equation for the incomplete sample for i = 1, .., n is:

(2.4) E [Y1i|X1i, Y2i > 0] = X1iβ + E [ξ1i|Y2i > 0]

Heckman (1979) obtained the result described in equation (2.4) that the se-
lection bias in the substantive equation is caused by a mis-specification when
neglecting the conditional expectation of its random disturbance on the selec-
tion rule. In what follows we present the Heckman’s correction for selectivity
bias dealing with the special case of a joint-normality distribution function of
the disturbances.

Based on equation (2.4), the conditional expectation of the dependent variable
is a function of two terms as in the following equation:

(2.5) E (Y1i|X1i, Y2i ≥ 0) = X1iβ + E
(
ξ1i|ξ2i ≥ −Z′iγ

)
.

Using the joint normal distribution (Heckman, 1976):

(2.6) E (ξ1i|Y2i > 0) = E
(
ξ1i|ξ2i > −Z′iγ

)
=

σξ12√
σξ22

λi

Equation (2.6) implies that the random disturbance’s conditional (on participa-
tion) expectation in equation (2.1) is a function of the inverse Mills ratio denoted
by the parameter λi

12, defined as follows:

(2.7) λi =

φ

(
− Z′iγ√

σξ22

)
1− Φ

(
− Z′iγ√

σξ22

) .
The regression equation for the incomplete sample is simplified to:

(2.8) E (Y1i|X1i, Y2i ≥ 0) = X1iβ +
σξ12√
σξ22

λi

Thus, if we know λi (or φi), or an estimate of such (based on the complete
sample consisting of both participants and non-participants), least squares esti-
mators could be applied to equation (2.8) for the selectivity bias correction.13

12The hazard rate.
13In case our sample is restricted to participants only and a joint-normal distribution

is assumed for the disturbances, one can employ the procedure introduced by Bloom and
Killingsworth (1985) to correct for the selectivity bias, in a similar fashion to the conventional
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However, the disturbances’ joint normality distribution assumption has some
limitations. A modest hetroscedasticity in the disturbance ξ1i causes the param-
eters to be mis-estimated by a substantial amount (Hurd, 1979). Moreover, if
the expectation of ξ1i conditional on ξ2i is not linear or the disturbances’ joint
normality distribution is violated, λi misspecifies the relationship between Z′iγ
and Y2i, and might leading to biased estimates, especially for a truncated sample
(Arabmazar and Schmidt, 1982).

Thus, one can apply a similar analysis to Heckman’s selectivity bias correction
without assuming a specific function for the aforementioned conditional expec-
tation using some unknown general function M instead of λi, as follows:

(2.9) E [ξ1i|Y2i > 0] ≡M(Z′iγ)

Then, the substantive equation to be estimated is a partially linear regression
(Robinson, 1988), defined as follows:

Y1i = X1iβ +M(Z′iγ) + υ1i,(2.10)

where υ1i is a random disturbance which satisfies E[υ1i|X1i, Zi] = 0, and M is
some unknown function.

This equation is a special case of a semi-parametric model because it is a
partially linear function of two components: a linear function of unknown pa-
rameters and some non-linear unknown function which captures the conditional
expectation of the disturbance given the covariates. The general non-linear func-
tion component enables the estimation of the model without assuming a specific
conditional distribution function for the disturbance ξ1 given the selection rule.

Next we discuss the difference between truncate and censored data.

3. Methodology

3.1. Truncated vs. censored data

In the case of a censored sample, it is possible to compute the probability that
an observation has data missing from Y1 and hence it is possible to use Probit
analysis to estimate φi and λi. Both observations for which Y2i > 0 (participants)
and observations for which Y2i < 0 (non-participants) are accessible in the data.
In such a case Heckman’s correction is feasible.

In the case of a truncated sample, however, Heckman’s correction is no longer
feasible, because there is no information regarding the non-participants. Only
observations for which Y2i > 0 (participants) are observable. This rather more
complicated situation requires a different methodology which can compute the
probability that an observation has data missing on Y1, using a truncated Probit
estimation. Thus, it is possible to to estimate φi and λi in equation (2.8).

In both aforementioned cases, we have an endogenous variable Y2 which de-
termines the selection process (the selection equation) and the equation for Y1,

Heckman’s correction procedure using only the participants data.
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the equation of interest (or the substantive equation). We indicate participants
by S = 1, and all others are non-participants (as will be described in equation
(4.3) to follow).

If the selection equation’s and the substantive equation’s error terms are en-
tirely not correlated, then by definition a selection bias is not a problem. Under
most circumstances, however, the assumption of independent error terms will
not be met because of specification problems. If any factor that affects both
the selection and substantive equations is omitted from the model, this factor
will enter both error terms and induce correlation between them. Ignoring this
correlation, is leading to biased estimates.

In order to correct for selectivity bias, Heckman (1979) introduced a methodol-
ogy treating the sample selection bias problem as an example of omitting variable
bias that can be solved in two step procedure. First a selection equation is esti-
mated by Probit regression, and its predicted values are the observations’ proba-
bilities to participate in the sample. The inverse Mills ratio (which is the hazard
rate14) is then estimated based on these estimated probabilities. The second
step is estimating an ordinary least square (OLS) regression with the covariates
X as well as the inverse Mills ratio. As is evident, the aforementioned Heckman’s
procedure is applicable only for cases of censored data when observations on
both the included and secluded (non-participants) are available. However, in the
case of truncated data no information as to non participants exists, implying
that Heckman’s Inverse Mills ratio cannot be estimated and hence no correction
for the selectivity bias is feasible since the Probit model is no longer identified
(Heckman and Singer, 1984).

Thus, we offer the following procedure, instead of estimation of the participa-
tion’s probability of each individual, we treat our observations in the complete
(non-truncated) sample as if they were drawn randomly from a specific distri-
bution function, such that only observations which meet the selection rule (for
which Y2 > 0) are observed in the incomplete (truncated) sample. Two sets of
parameters are unknown and are needed to be estimated: the first set involves
the parameters that characterize the complete sample density function. The sec-
ond set involves the selection equation coefficients (in the censored case these are
estimated by Probit regression). By conditioning the complete sample distribu-
tion function on the selection rule, we obtain the truncated distribution function
and as a by-product the truncated density function. Then, we provide a solution
for the following problem: what is the set of parameters which maximize the
likelihood to obtain the truncated sample we observe.

Each observation is characterized by a different propensity to be included in
the sample (as is depicted in equation (2.2) above). The aforementioned propen-
sity is a continuous latent variable which is a weighted sum of participation
covariates with unknown estimable coefficients and a random disturbance, such
that whenever this propensity is above zero the particular observation is observed

14The instantaneous probability of being excluded.
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in the data.

Due to the random disturbance in the selection process, some observations
with low weighted sum of covariates (denoted by Z′iγ) are selected into the
sample and some other observations with high weighed sum of covariates are not
selected into the sample, however, the higher the weighted sum of covariates,
the more likely an observation is selected into the sample. As a matter of fact,
the random disturbance term in the selection equation plays an important role.
Given that an observation is or is not included in the truncated sample it may
not necessarily imply that every observation with the same covariates will or will
not be included. This is a result from the existence of the random disturbance.
For this reason, we can address the main issue: how likely it is for an observation
i to appear in the data, given that this observation preserves the participation
condition.

4. Selectivity bias correction for truncated data

This section introduces our proposed methodology for the correction of trun-
cation bias. It is assumed that the observations in the complete sample consists
of (p× 1) variables (describing the selection process into the incomplete sam-
ple) were drawn from a known multivariate distribution denoted by Fp (η), but
since we observe only observations preserving the participation constraint S = 1,
our incomplete data observations are distributed as if they were drawn from a
truncated distribution function, denoted by Fp (η|S = 1). The vector of unknown
parameters η characterizes the non-truncated multivariate distribution function,
and is referred to as incidental (nuisance) parameters vector, because it is used
only for the sake of identification of unknown parameters of interest denoted
by γ vector (as described in equation (2.2)). Then, we use maximum likelihood
method in order to estimate the truncated multivariate density function denoted
by fθ (z1, ..., zp|S = 1), such that we are looking for the vector of parameters

θ = [η,γ]
T

which maximizes the likelihood for generating the truncated sample
we observe. Following theorem 2.1 in (Mäkeläinen et al., 1981) the maximum
likelihood estimate is shown to exist and to be unique if it is constant on the
boundary of the parameter space and if the Hessian matrix is negative definite
whenever the gradient vector vanishes.

Once those parameters are identified, we calculate the probability for every ob-
servation in the sample for being selected into the sample in the first place. This
probability is equivalent to estimating a Probit regression on the non-truncated
data consisting of both participants and non-participants. This estimated prob-
ability makes it possible to calculate the Inverse Mill’s ratio, and then to correct
the selectivity bias as in Heckman (1979).

In the next section, we discuss the difference between conventional Probit
regression estimation and the truncated Probit regression estimation.
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4.1. Probit regression estimation

4.1.1. The conventional Probit - Both participants and
non-participants are observable

As mentioned by Heckman (1976) the regression of the incomplete sample
observations yields an unbiased estimates of β if the conditional expectation of
ξ1i on selection rule is zero. Of course, this is not always the case. More generally,
Y1i is observed only if Y2i ≥ C, for some arbitrary constant C. In our present
case it is normalized to zero due to the intercept’s coefficient in the selection
equation. Y2i may be interpreted as the propensity to participate or entering
into the sample. Otherwise, we cannot observe Y1i and its observed value Y ∗1i is
zero.

Denote a dichotomous random variable for being selected Si =

{
1, if Y2i ≥ 0

0, if Y2i < 0
.

Observation i’s participation probability in the case of a Probit model is spec-
ified as function of its covariates Zi:

(4.1) Pγ(Si = 1|zi) = P
(
ξ2i +Z′iγ > 0|Z′i

)
=

P
(
ξ2i > −Z′iγ > 0|Z′i

)
= 1− Φ

(
−Z′iγ

)
.

The likelihood function based on equation (4.1) is a product of two terms.
The first one is the probability to not-participate which is calculated for non-
participants only. The second one, is the complimentary probability to partic-
ipate which is calculated for participants only. More formally, the likelihood
function is:

(4.2) L (γ;Y2|Z) =
∏
i:Si=0

Φ
(
−Z′iγ

) ∏
i:Si=1

(
1− Φ

(
−Z′iγ

))
For presentation convenience we denote the participant observations by:

(4.3) Si = I
(
ξ2i +Z′iγ > 0

)
,

where I(·) is the indicator function.

The main disadvantage of estimating the Probit model presented above is the
requirement that the sample consists of non-participants which is not always
accessible.

4.1.2. Truncated Probit - Only participants are observable

In a more general case we assume that only observations for which Si = 1
are observable for both the participation equation covariates Zi and dependent
variable Y1i of the main equation, indicating that our sample is no longer a
censored sample but it is a truncated one.

Correction for truncation requires a new methodology, since the conventional
Probit regression requires both observations for participants and non-participants.
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We postulate two essential assumptions: (i) The data generation function is
well known up to unknown estimable parameters, such that it can be represented
as a multivariate density function. (ii) The mechanism of entering into the sample
can be fully characterized as a random variable which is a weighted sum of
all participation covariates together with a random disturbance. The weights
are estimable unknown parameters. We refer to this random variable as the
propensity of an individual observation to be included in the sample.

If both assumptions hold, all it takes is to characterize the truncated (con-
strained) data generation function, or equivalently the conditional density of
data generation function on entering into the sample. In other words, the first
requirement represents the full data generation function, while the second re-
quirement represents the restriction.

Our approach is to estimate the parameters of the conditional density function
(on the event of participation) of a given observation i of being sampled. The
event of participation is a function of covariates and a random disturbance (see
equation (2.2)).

Before we present the application of our approach to the multivariate Probit
regression, we begin with the univariate Probit regression.

4.1.3. The univariate latent Probit regression case

Let zi, i = 1, ..., N , be an i.i.d random variable normally distributed which
determines the participation propensity for each observation i with expecta-
tion µz and variance σ2

z , such that the incidental parameters vector is denoted

by η = [µz, σ
2
z ]. We denote the vector Zi = [1, zi]

T
and likewise we denote

δz = [1, µz]
T . The weighted sum of participation determinant and a random

disturbance denoted by ξ2i
15 is represented by Z′iγ + ξ2i. This weighted sum

is referred to as the convolution of two independent random variables.16 The
convolution coefficients vector is denoted by γ = [γ0, γ1]

T
.

Without loss of generality (for a univariate participation equation), the density
function for the maximum likelihood is:

(4.4) L (θ|Z) =
∏
i:Si=1

fθ (zi|Si = 1) =
∏

i:ξ2i+Z
′
iγ>0

fθ
(
zi|Z′iγ + ξ2i > 0

)
Although Y2i is observed as a dichotomous variable Si which is equal to 1 for ev-
ery observation in the incomplete sample, we utilize the fact that its unobserved
value can be represented as convolution of participation explanatory variables
with a random disturbance (see equation (2.2)). Based on equation (4.4), we treat
this convolution as a constraint making it possible to characterize the density
function of the truncated (constrained) data generation process. Applying the-
orem 2.1 in (Mäkeläinen et al., 1981), the maximum likelihood function should

15The disturbance term is randomly and normally distributed with zero mean and unitary
variance, as in the conventional Probit.

16The vector Z is consisting of exogenous covariates with respect to ξ2i.
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preserve constant boundaries and negative definiteness of the Hessian when the
gradient vanishes to establish uniqueness. Alternatively uniqueness can be estab-
lished under regularity conditions given in Chanda (1954), by applying theorem
2 in (Rai and Van Ryzin, 1982). These characteristics have been verified numer-
ically.17

4.1.4. The Truncated (constrained) data generation function

Our goal is to recover the unobservable complete sample density function.
However, we have access only to a sub-sample of observations (truncated sam-
ple) which meet the selection rule condition. The complete sample as well as the
truncated sample are characterized each by their own specific density functions.
Nevertheless, the two densities are interrelated through common parameters.
This is the case because the truncated sample density function is obtained by
conditioning the complete sample density function on the selection rule. The
aforementioned density function depends both on the parameters characterizing
the complete sample density function as well as on the selection rule parameters.
Thus, the parameter set characterizing the truncated density function contains
the parameter set characterizing the complete sample density function. Conse-
quently, we can infer the complete sample density function through the linkage
between the truncated and non-truncated density functions.

Therefore, we need to find the parameters which maximize the likelihood to
obtain the truncated data we observe using the truncated density function which
generated the observations in the incomplete sample. Once identifying these pa-
rameters, we use the estimated selection rule parameters to evaluate each obser-
vation’s participation probability. By estimating these parameters, one can re-
construct the entire data on the covariates as if one observes the (non-truncated)
data distribution function.

The first step is specifying the distribution function which generates the com-
plete (non-truncated) data. The cumulative distribution function of the obser-
vation in the complete sample is denoted by F (zi).

The probability of an observation to be below zi and to participate is:

(4.5) P
(
Z < zi,Z

′
iγ + ξ2i > 0

)
= P (Z < zi)− P

(
Z < zi,Z

′
iγ + ξ2i < 0

)
.

17In order to verify both the uniqueness and existence of maximum likelihood function’s
estimators, we have used Monte-Carlo simulations in which random data sets have been gen-
erated (under different parameter settings we have chosen arbitrarily). For each data set we
have generated, we searched over the entire parameter space the vector of parameters which
maximizes the MLE (maximum likelihood function) in equation (4.19) to follow. In each simu-
lation we found that: the Hessian matrix of the MLE is always negative definite in every point
in which the gradient vector vanishes (indicating a local maximum) and that the gradient
vector vanishes only in one interior point (uniqueness). The estimated vector was found to be
consistent and approaches the true parameter vector as number of observations increases (as
will be depicted in section (5)).
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For notification convenience we define the following:

F (zi) ≡ P (Z < zi)(4.6)

and,

F2 (zi, 0) ≡ P
(
Z < zi,Z

′
iγ + ξ2i < 0

)
.(4.7)

Thus, we can express equation (4.5) in the following way:

(4.8) P
(
Z < zi,Z

′
iγ + ξ2i > 0

)
= F (zi)−F2 (zi, 0) .

The generalized truncated univariate distribution function is therefore:

(4.9) F (zi|Si = 1) =
F (zi)−F2 (zi, 0)

Pθ(Si = 1)
.

It is more convenient to express F2 (zi, 0) in the following way:

(4.10) F2 (zi, 0) =

∫ zi

v1=−∞
fη (v1)P

(
Z′iγ + ξ2i < 0|zi = v1

)
dv1.

Since our goal is to obtain the truncated density function for the sake of
using the maximum likelihood method, we need to obtain the derivative of the
cumulative distribution function in equation (4.9) with respect to zi. For that
purpose, we first take the derivative of equation (4.10) with respect to zi:

(4.11)
∂F2 (zi, 0)

∂zi
= fη (zi)P

(
Z′iγ + ξ2i < 0|zi

)
= fη (zi) Φ

(
−Z′iγ

)
.

Next, we would like to find the participation probability (in the denominator
of equation (4.9)):

(4.12)

Pθ(Si = 1) = P (Z′iγ + ξ2i > 0) =∫ zi
v1=−∞ fη (v1)P

(
Z′iγ + ξ2i > 0|zi = v1

)
dv1.

We denote the vector V1 = [1, v1]
T

, and thus the generalized participation
probability is:

(4.13) Pθ(Si = 1) = P (Z′iγ + ξ2i > 0) =

∫
v1

fη (v1)
[
1− Φ

(
−V ′1γ

)]
dv1.

After taking the derivative of the cumulative distribution function (equation
(4.9)) with respect to zi as depicted in equation (4.11) we get the constrained
data generation density function:

(4.14) fθ
(
zi|Z′iγ + ξ2i > 0

)
=

fη (zi)
[
1− Φ

(
−Z′iγ

)]∫
v1
fη (v1)

[
1− Φ

(
−V1

′γ
)]
dv1

.

Note that the term fη (zi) in equation (4.14) represents the non-truncated data
generation density function; the term [1− Φ (−Z ′iγ)] represents the participation
probability of individual-specific observation i (based on a Probit binary response
model). The term in the denominator represents the probability of a randomly
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selected individual to be included in truncated data.

4.1.5. Simple example: The case of bivariate normal distribution

We demonstrate an application of our model to the case of a bivariate normal
distribution.

We assume that the random variables zi and its convolution with ξ2i are
bivariate normally distributed18, or more formally:[

zi
Z′iγ + ξ2i

]
∼ N2

([
µz
δ′zγ

]
,

[
σ2
z ρσZ

√
1 + γ1

2σ2
z

ρσz
√

1 + γ1
2σ2
z 1 + γ1

2σ2
z

])
.

We denote the bivariate cumulative distribution function of two random variables
which are distributed bivariate normal as:

(4.15) P (z1 < zi, z2 < 0) = P
(
z1 < zi,Z

′
iγ + ξ2i < 0

)
=

Φ2

zi − µz
σz

,−
δ′zγ√

1 + γ2
1σ

2
z

, ρ

 ,

where the ρ parameter is the correlation coefficient between zi and the convolu-
tion:19

(4.16) ρ =
γ1σz√

1 + γ2
1σ

2
z

.

The cumulative distribution function of the constrained data generation process
can equivalently be defined as the conditional cumulative distribution function
of the unrestricted data generation process which is:

(4.17) P
(
Zi < zi|Z′iγ + ξ2i > 0

)
=

Φ

(
zi − µz
σz

)
− Φ2

zi − µz
σz

,−
δ′zγ√

1 + γ2
1σ

2
z

, ρ


1− Φ

− δ′zγ√
1 + γ2

1σ
2
z

 .

The constrained data generation density function is:

(4.18) fθ
(
zi|Z′iγ + ξ2i > 0

)
=

1
σz φ

(
zi − µz
σz

) [
1− Φ

(
−Z′iγ

)]
1− Φ

(
− δ′zγ√

1 + γ2
1σ

2
z

) .

18The convolution of multivariate normal distributed random variables is distributed nor-
mally (see theorem (8.1) in the Appendix). This property makes it easier to evaluate the
probability to participate which is based on a convolution of normally distributed variables.

19COV(zi,Z
′
iγ + ξ2i) = COV(zi, γ1zi) = γ1σ2

z
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Note that equation (4.18) is composed of three parts: the first part is the data
generation function, the second part is the probability of participation (based on
the Probit regression probability to participate

(
1− Φ

(
−Z′iγ

))
) and the third

one represents the probability of a randomly selected individual observation to
be included in truncated data (in the denominator). Both scalars µz and σz
are incidental parameters (employed to recover the unobserved data distribu-
tion function regarding the non-participants). The parameters of interest are
capitalized in vector γ, these parameters are the conventional Probit regression
coefficients.

4.1.6. The likelihood function

In order to estimate the data generation density function we apply maximum
likelihood method. The log-likelihood function applied to the density function
depicted in equation (4.18) is:

(4.19) lnL = −n lnσz +

n∑
i=1

lnφ

(
zi − µz
σz

)
+

n∑
i=1

ln [1− Φ (− (γ0 + γ1zi))]− n ln

1− Φ

− δ′zγ√
1 + γ2

1σ
2
z



Denoting λδ ≡
φ

(
− δ′zγ√

1+γ2
1σ

2
z

)

1−Φ

(
− δ′zγ√

1+γ2
1σ

2
z

) , the first order conditions obtained from the

log-likelihood maximization are:

(4.20)
∂lnL

∂σz
= − n

σz
+

n∑
i=1

(zi − µz)2

σ3
z

+ nλδ
γ2

1σz(γ0 + γ1µz)

[1 + γ2
1σ

2
z ]

3/2
= 0

(4.21)
∂lnL

∂µz
=

n∑
i=1

zi − µz
σ2
z

− nλδ
γ1√

1 + γ2
1σ

2
z

= 0

(4.22)
∂lnL

∂γ0
=

n∑
i=1

φ (− (γ0 + γ1zi))

1− Φ (− (γ0 + γ1zi))
− nλδ

1√
1 + γ2

1σ
2
z

= 0

(4.23)
∂lnL

∂γ1
=

n∑
i=1

φ (− (γ0 + γ1zi))

1− Φ (− (γ0 + γ1zi))
zi + nλδ

γ0γ1σ
2
z − µz

[1 + γ2
1σ

2
z ]

3/2
= 0.

We search for the parameter values γ0, γ1, µz, σz which solve equations (4.20)
to (4.23). These parameters are needed for identification of the truncated Probit,
to evaluate each observation’s probability to participate in truncated sample.
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4.1.7. Explicit expectation and variance

Our motivation is to show how the inverse Mills-ratio, denoted by λi, and µz
are interrelated, especially for large value of the γ̂1 estimator. It is important
to examine the case where the inverse Mills ratio approaches zero for every
observation in the sample, indicating the absence of truncation in the first place.
In order to study the impact of large γ1 on the µz estimator, we denote by λ̄
the average of the inverse Mills-ratio (described in equation (2.7)) over all the
observations in the truncated sample :

λ̄ ≡ 1

n

n∑
i=1

λi and the ratio: C ≡ −
1
n

∑n
i=1 λizi

λ̄
(4.24)

We divide equation (4.21) by equation (4.22) to extract µz, and divide equation
(4.22) by equation (4.23) to extract σ2

z . We obtain the following two close-form
solutions:

µz = −σ2
zγ1λ̄+ z̄(4.25)

and

σ2
z =

C + µz
−Cγ2

1 + γ0γ1
.(4.26)

By using both equations (4.25) and (4.26) it is possible to express µz and σz
in terms of γ0 and γ1. We obtain the following two close-form solutions:

µz = − γ1λ̄ (C + z̄)

−Cγ2
1 + γ0γ1 + γ1λ̄

+ z̄(4.27)

and

σ2
z =

C + z̄

−Cγ2
1 + γ0γ1 + γ1λ̄

.(4.28)

In order to prove that lim
γ1→∞

µ̂z = z̄ (in theorem (4.1) to follow), we examine

separately each one of the expressions lim
γ1→∞

λi, lim
γ1→∞

λiγ1 and lim
γ1→∞

C (de-

scribed in equation (4.27)) using propositions (4.1) to (4.3).
Taking the derivative of λi with respect to γ1; we get:

(4.29) λ′i = −zi
[
φ′

φ
λi + λ2

i

]
.

Using the following result:

(4.30)
φ′

φ
= γ0 + γ1zi,

we obtain the derivative of λi with respect to γi:

(4.31) λ′i = −zi
[
(γ0 + γ1zi)λi + λ2

i

]
.
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We now present and prove the following results:

Proposition 4.1 lim
γ1→∞

λi = 0.

Proof: Since lim
γ1→∞

φ(−γ0 − γ1zi) = 0 and lim
γ1→∞

1 − Φ(−γ0 − γ1zi) = 1 it

implies that lim
γ1→∞

λi = 0. �

Proposition 4.2 lim
γ1→∞

λi = 0 implies that lim
γ1→∞

λiγ1 = 0.

Proof: Expressing lim
γ1→∞

λiγ1 as lim
γ1→∞

γ1
1
λi

and applying L’Hopital’s rule on

this limit using equation (4.31) we obtain: lim
γ1→∞

− 1
λ′
i
λ2
i

= lim
γ1→∞

− λi
−zi[(γ0+γ1zi)λi+λ2

i ]

and lim
γ1→∞

1
zi[γ0+γ1zi+λi]

= 0, implying that: lim
γ1→∞

λiγ1 = 0. �

Proposition 4.3 lim
γ1→∞

C = (n×min(z1, ..., zn)).

Proof: Let ai ≡ λi∑n
i=1 λi

, i = 1, ..., n, then clearly
∑n
i=1 ai = 1 and lim

γ1→∞
ai =

0 ∀i ∈ {i|λi < max(λ1, ..., λn)}. Additionally, lim
γ1→∞

ai = 1, ∀i = {i|λi = max(λ1, ..., λn)}.

Then, we can express C as a weighted average over z1, ..., zn: lim
γ1→∞

C = lim
γ1→∞

n
∑n
i=1 aizi.

Since λ is a negative strictly monotonic function of z, it follows that λ is maxi-
mized when z = min(z1, ..., zn) and consequently ai = 1 for the minimal zi only,
and thus lim

γ1→∞
C = nmin(z1, ..., zn). �

Now, we show the linkage between the observable sample average and the µ̂z
estimator in the case of non-truncated sample using all the propositions above
to get:

Theorem 4.1 lim
γ1→∞

µ̂z = z̄.

Proof: lim
γ1→∞

µ̂z = lim
γ1→∞

− λ̄(C+z̄)

−Cγ1+γ0+λ̄
+ z̄,

where the denominator satisfies: lim
γ1→∞

−Cγ1+γ0+λ̄ = −∞ and the numerator

satisfies: lim
γ1→∞

λ̄ (C + z̄) = 0. Hence, lim
γ1→∞

µ̂z = z̄. �

The interesting outcome is that when γ̂1 approaches infinity, the inverse Mills
ratio approaches zero and µ̂z approaches the sample average. In this case there
is no truncation bias in the first place.

Moreover, for every parameters vector of interest γ = [γ0, γ1]
T

there is only

one incidental parameters vector η =
[
µz, σ

2
z

]T
.

Next, we extend our methodology to deal with a multivariate truncated Probit
case.
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4.1.8. The multivariate likelihood function

Let zi = [z1i, .., zpi]
T

be an i.i.d (p× 1) multivariate normal random variables
vector which determines the participation propensity for each observation i with
expectation vector (p× 1) denoted by µz = [µz1 , ..., µzp ] and a covariance matrix

denoted by Σp×p, such that η = [µz,Σp×p]. We denote the vector Zi = [1, zi]
T

and δz = [1,µz]. The weighted sum of participation determinant and a random
disturbance denoted by ξ2i is represented by Z′iγ + ξ2i. This weighted sum is
referred to as the convolution of p random variables (multivariate distributed)
and a disturbance term.20 The convolution coefficients vector is denoted by γ =
[γ0, γ1, .., γp]

T
.

Without loss of generality (for a multivariate regression in the participation
equation), the density function for the maximum likelihood is:

(4.32) L (θ|z1, ..., zp) =
∏
i:Si=1

fθ (z1i, ..., zpi|Si = 1) =∏
i:ξ2i+Z

′
iγ>0

fθ
(
z1i, ..., zpi|Z′iγ + ξ2i > 0

)
.

Next we present the generalized truncated density function in the case of several
covariates in the participation equation.

4.1.9. The multivariate truncated (constrained) data generation
function

In the present section we demonstrate the truncated multivariate distribution
function which generates the data.

The observations in the complete sample, are randomly drawn from a specific
multivariate distribution function, and only some of them meet the participation
rule (with participation propensity above zero, see subsection (4.1.1)), implying
that each observation has its own propensity to be included. Thus, it is possible
to calculate the probability to randomly sample an observation such that all of
its covariates are below the corresponding covariates of an observation i and to
be included (participate) in the truncated data is:

(4.33) P
(
Z1 < z1i, ..., Zp < zpi,Z

′
iγ + ξ2i > 0

)
=

P (Z1 < z1i, ..., Zp < zpi)−P
(
Z1 < z1i, ..., Zp < zpi,Z

′
iγ + ξ2i < 0

)
.

For notification convenience we define the following:

Fp (z1i, ..., zpi) ≡ P (Z1 < z1i, ..., Zp < zpi)(4.34)

and,

Fp+1 (z1i, ..., zpi, 0) ≡ P
(
Z1 < z1i, ..., Zp < zpi,Z

′
iγ + ξ2i < 0

)
.(4.35)

20The vector Z is orthogonal to vector ξ, as assumed in Probit.
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where the lower script p stands for the number of covariates in the participa-
tion equation, and p+ 1 represents the inclusion of observation i’s participation
propensity as additional random variable.

Thus, we can express equation (4.33) in the following way:

(4.36) P
(
Z1 < z1i, ..., Zp < zpi,Z

′
iγ + ξ2i > 0

)
=

Fp (z1i, ..., zpi)−Fp+1 (z1i, ..., zpi, 0) .

The generalized truncated multivariate distribution function is:

(4.37) Fp (z1i, ..., zpi, |Si = 1) =
Fp (z1i, ..., zpi)−Fp+1 (z1i, ..., zpi, 0)

Pθ(Si = 1)
.

Next, we would like to find the participation probability:

(4.38) Pθ(Si = 1) = P (Z′iγ + ξ2i > 0) =∫
vp

...

∫
v1

fη (v1, ...vp)P
(
Z′iγ + ξ2i > 0|z1i = v1, ..., zpi = vp

)
dv1...dvp.

We obtain the probability of a random observation to be included as a weighted
sum of probabilities to participate over all possible observation’s realizations,
using the multivariate density function f as a weight. We denote the vector
V = [1, v1, ..., vp]

T
as a specific realization for a randomly drawn observation

from the multivariate density f .

The generalized participation probability is:

(4.39) Pθ(Si = 1) =

∫
vp

...

∫
v1

fη (v1, ...vp) [1− Φ (−V ′γ)] dv1...dvp.

For sake of brevity we express Fp+1 (z1i, ..., zpi, 0) in the following way:

(4.40) Fp+1 (z1i, ..., zpi, 0) =∫ zpi

vp=−∞
...

∫ z1i

v1=−∞
fη (v1, .., vp)P (Z ′iγ + ξ2i < 0|z1i = v1, ..., zpi = vp) dv1...dvp.

Then, for expressing the density function, we calculate the derivative of the
cumulative distribution function (4.40) with respect to observation i’s covariates
vector zi:

(4.41)
∂pFp+1 (z1i, ..., zpi, 0)

∂z1i...∂zpi
= fη (z1i, ..., zpi)P

(
Z′iγ + ξ2i < 0|zi

)
=

fη (z1i, ..., zpi) Φ
(
−Z′iγ

)
.

After taking the derivative of the truncated cumulative distribution function
(equation (4.37)) with respect to zi using the results obtained in equation (4.41)
we get the truncated (constrained) data generation density function:



A.H. Parola

26 NIR BILLFELD MOSHE KIM

(4.42) fθ
(
z1i, ..., zpi|Z′iγ + ξ2i > 0

)
=

fη (z1i, ..., zpi)
[
1− Φ

(
−Z′iγ

)]∫
vp
...
∫
v1
fη (v1, ...vp) [1− Φ (−V ′γ)] dv1...dvp

.

Note that in equation (4.42) the term fη (z1i, ..., zpi) represents the non-truncated
data generation density function;21 the term

[
1− Φ

(
−Z′iγ

)]
represents the par-

ticipation probability of individual-specific observation i (based on a Probit bi-
nary response model). The term in the denominator represents the probability
of a randomly selected individual observation to be included in the truncated
data.22

In the next section we demonstrate an implementation of the truncated mul-
tivariate model for the case of observations which are multivariate normally
distributed.

4.1.10. Implementation for a multivariate normal distribution

The methodology used so far can be generalized to the multivariate case. Let’s
denote our non-truncated sample as a vector of random variables representing
the participation covariates, such that each one is distributed normally. With-
out loss of generality, we allow for correlation among them (each covariate can
be correlated with any other covariate) as characterized by the non-truncated
data multivariate density function. As in the univariate truncated Probit model,
we assume that this vector is multivariate normally distributed. Conditional on
the participation constraint we can characterize the constrained data generation
process.

For sake of brevity, we denote ωv = [v1, ..., vp] and ωzi = [z1i, ..., zpi] each de-
scribing the covariates vectors v and z respectively. The cumulative distribution
function of the covariates vector zi (p× 1) and Y2i is:

(4.43) Di = P (Z1i < z1i, ..., Zpi < zpi, Y2i < 0) =∫ zpi

vp=−∞
...

∫ z1i

v1=−∞
φp (ωv,µz,Σp×p) [1− Φ (−V ′γ)] dv1...dvp.

Inserting (4.43) into the cumulative constrained distribution of our covariates
vector Zi to get the following conditional (on participation) cumulative distri-
bution of the truncated data generation process:

21One possible way to obtain such a multivariate density is by using a Copula function.
22Despite high-dimensionality of this multiple integration, there is a simple method to eval-

uate it by random sampling of a vector from the multivariate distribution and averaging the
resulting vector.
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(4.44) P
(
Z1i < z1i, ..., Zpi < zpi|Z′iγ + ξ2i > 0

)
=

Φp (ωzi ,µz,Σp×p)−Di∫
vp

...

∫
v1

φp (ωv,µz,Σp×p) [1− Φ (−V ′γ)] dv1...dvp

.

This enables us to construct the truncated (data generation process) density
function:23

(4.45) fθ
(
z1i, ..., zpi|Z′iγ + ξ2i > 0

)
=

φp (ωzi ,µz,Σp×p)
[
1− Φ

(
−Z′iγ

)]∫
vp
...
∫
v1
φp (ωv,µz,Σp×p) [1− Φ (−V ′γ)] dv1...dvp

.

This truncated density function is required for the implementation of the max-
imum likelihood estimation method (which will be used in the ensuing section).

4.1.11. A generalization of the Likelihood function for multivariate
normal regression

Similar to the log-likelihood function described in the univariate truncated
Probit, we can express the log-likelihood function for the multivariate truncated
Probit with p covariates:

(4.46) lnL =

n∑
i=1

lnφp (z1i, ..., zpi,µz,Σp×p) +

n∑
i=1

ln
[
1− Φ

(
−Z′iγ

)]

−n ln

(∫
vp

...

∫
v1

φp (ωv,µz,Σp×p) [1− Φ (−V ′γ)] dv1...dvp

)
.

The arguments of the function φp(.) in (4.46) are the covariates (z1, ..., zp)
expressed without any coefficients in order to avoid the problem of no identifica-
tion of the γ vector. If however these covariates are expressed with coefficients it
might leads to different estimates for the parameters of the vector γ, due to the
existence of an orthogonal transformation of the (z1, ..., zp) and the random
disturbance ξ2 that generated the transformed data, which is also a multivariate
normally distributed. Another important restriction we impose by construction
of the covariance matrix is that these covariates are orthogonal to the random
disturbance. Additionally, in a similar fashion to the conventional Probit analy-
sis, the random disturbance is assumed to be standardized normally distributed,
implying that one does not need to estimate its variance.

The log-likelihood function in (4.46) involves a cumbersome high dimensional
integration calculation and can be simplified as follows (see theorem (8.1) in the

23For computational convenience the multivariate normal density function is normalized by

the factor

(∏
i≤p

1
σzi

)
, such that we use the standardized normal vector.
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Appendix):

(4.47) lnL =

n∑
i=1

lnφp (zi,µz,Σp×p) +

n∑
i=1

ln
[
1− Φ

(
−γ0 − z′iγ

∗)]
−n ln

(
1− Φ

(
−γ0 + µz

′γ∗

σw

))
,

where σw ≡
√

1 + γ′∗Σγ∗, γ ≡ [γ0, γ
∗]T and γ∗ ≡ [γ1, ..., γp]

T .

Denoting: λδ ≡
φ
(
−γ0+µz

′γ∗

σw

)
1− Φ

(
−γ0+µz

′γ∗

σw

) and λi ≡
φ(−γ0−z′iγ

∗)
1−Φ(−γ0−z′iγ

∗)
.

The first order conditions obtained from the maximization of (4.47) are:

(4.48)
∂logL

∂µz
= Σ−1

n∑
i=1

(zi − µz)− nλδ
1

σw
γ∗ = 0

(4.49)
∂logL

∂Σ
= −1

2

(
nΣ−1 −Σ−1

n∑
i=1

(zi − µz) (zi − µz)
′
Σ−1

)
+

1

2
nλδ

γ0 + µz
′γ∗

σ3
w

γ∗γ′∗ = 0

(4.50)
∂logL

∂γ0
=

n∑
i=1

λi − nλδ
1

σw
= 0

(4.51)
∂logL

∂γ∗
=

n∑
i=1

λizi + nλδ
(γ0 + µz

′γ∗)Σγ∗ − µzσ
2
w

σ3
w

= 0.

We search for the parameter values µz,Σp×p, γ which solve equations (4.48)
to (4.51). There are p + 1

2p(p − 1) parameters to be estimated in Σp×p and p
parameters to be estimated in vector µz. Overall, we have 2p+ 1

2p(p−1) incidental
parameters and p+ 1 parameters of interest (including the intercept).24

In the next section we will extend our theory by an inclusion of dichotomous
variables.

4.2. Implementation for dichotomous variables

Until now we have shown our model’s estimation procedure relying on the
assumption that the entire covariates data in the complete (non-truncated) sam-
ple are multivariate normally distributed, which implies that each one of the
covariates is treated as a continuous variable. However, in many applications in

24The covariance between any two non-participants’ covariates (zi, zj) is:
COV(zj , zj) =

∫
...
∫
vivjf(v1, ..., vp|S = 0)dv1...dvp − E(zi)E(zj).
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social sciences, dichotomous (dummy) variables are employed in order to classify
the samples into distinguishable cohorts of interest. Dichotomous variables are
useful to predict the causal effect of a new policy or a treatment on an out-
come variable. In many cases, counterfactual analysis (DiNardo et al., 1996) is
employed in order to measure the contribution of each factor separately on the
variation in the outcome variable. Lets assume that in order to measure the
discrimination between A and B in the selection process, one needs to estimate
the counterfactual probability of random observation from cohort A to be se-
lected given another state of nature, for instance, being a member in cohort B.
In the censored sample case one can estimate directly the selection rule’s equa-
tion using a binary response model utilizing dichotomous variables to distinguish
among the cohorts. Since both participants and non-participants are observed,
the complete data distribution function on the selection equation’s covariates
are observed. Post estimation of the selection equation both cohort A’s actual
and counterfactual expected probabilities to participate can be evaluated using
cohort A’s data. The procedure involves averaging the predicted probability to
participate using cohort A’s coefficients and doing the same calculation using
cohort B’s coefficients.

However, in the case of a truncated sample, the control groups, the non-
participants of any cohort, are omitted from the sample in the very beginning.
Therefore, data reconstruction can be helpful in recovering the characteristics’
distribution function for each one of the cohorts A and B. For instance, one can
estimate what would be the percentage of employed women if women were se-
lected into the labor force according to men’s selection rule. Using a simulation
we can sample women observations according to women characteristics distribu-
tion functions, and evaluate the percentage of employed women, by using men’s
selection rule equation.

Amending our methodology to cases where dichotomous variables are present
we introduce a cohorts set J ≡ {1, 2, ..., J − 1, J} consisting of J mutually exclu-
sive cohorts such that each observation i belongs to a specific one cohort j ∈ J .
The number of participants and the number of observations in the j’th cohort’
are denoted by nj and Nj respectively.

Denoting the observations indices which belong to j’th cohort by Ij for each
j ∈ J , and a dichotomous random variable for being a memeber in the j′th
cohort, defined as:

(4.52) Dji =

{
1, if i ∈ Ij
0, if i /∈ Ij

.

It must hold that
∑J
j=1Dji = 1 ∀i since all the cohorts are mutually exclusive

by construction.

Without loss of generality, each cohort j ∈ J is characterized by its own
coefficients vector γ∗j ≡ [γj1, ..., γjp]

T of size (p× 1), and an intercept γ0j for the
j’th cohort.
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Thus, the selection rule equations in the presence of dichotomous variables can
be characterized in the following way:25

Y2i =

J∑
j=1

Dji(γ0j + ziγ
∗
j ) + ξ2i,(4.53)

By construction, the specification of equation (4.53) allows each cohort to
have a different parameters set, such that it is possible that the same covariates
impact differently on the probability to be selected for different cohorts.

Conditional on belonging to the j’th cohort, the continuous variables are mul-
tivariate normally distributed, such that z|D = Dj ∼ Np(µjz,Σ

j
p×p), where ηj

is composed of the nuisance parameters µjz and Σjp×p.

Using a weighted sum of all the conditional densities it follows that the un-
conditional (on cohort) complete data distribution of the continuous variables is
a Gaussian mixture, defined as:

(4.54) fη(z) =

J∑
j=1

P (D = Dj)fηj (z|D = Dj),

where η ≡ [η1, ..., ηJ ]T is a vector of size (J × 1) consisting of the parame-
ters which characterize each cohort’s characteristics distribution function. Con-
sequently, the dichotomous variables have impact on the multivariate density
function of the continuous variables.

Conditional on being selected, a truncated multivariate density mixture is
obtained:

(4.55) fθ(z|Si = 1) =

J∑
j=1

P (D = Dj |Si = 1)fθj (z|Si = 1,D = Dj),

Additionally, the conditional (on j’th cohort) truncated multivariate density
function is:

(4.56) fθj (zi|Si = 1, Dji = 1)

=
fηj (zi|Dji = 1)Pγj (Si = 1|Dji = 1, zi)P (Dji = 1)

Pθj (Si = 1|Dji = 1)P (Dji = 1)
,

which can be simplified to:

(4.57) fθj (zi|Si = 1, Dji = 1) =
fηj (zi|Dji = 1)Pγj (Si = 1|Dji = 1, zi)

Pθj (Si = 1|Dji = 1)

In practice, the probability function P (D = Dj) in (4.54) is unknown since it
represents the proportion of any sub-population j ∈ J in the unobserved com-

25In case that all the cohorts belonging to the cohorts subset J ′ ⊂ J are only differentiated
by the intercept, one can impose a restriction on the slope parameters to be same for all of
these cohorts, by setting γ∗j = γ∗

j′ for all j, j′ ∈ J ′.
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plete data. Thus, we suggest an estimation method to estimate this unknown
proportions without assuming a specific distribution function for the dichoto-
mous variables.

At first, we define the the proportion of participants belonging to each cohort
conditional on being selected:

(4.58) πj ≡ P (D = Dj |S = 1).

This proportion can be estimated non-parameterically (since it is observed in
the truncated sample) as:

(4.59) π̂j =
nj
n∑
j=1

nj

, j = 1, ..., J.

Then, we formulate the likelihood function as a product of the truncated den-
sity in (4.55), using the estimators calculated in (4.59):

(4.60) L =

J∏
j=1

n∏
i=1

[
π̂jfθj (zi|Si = 1, Dji = 1)

]Dji
We obtain the following likelihood function:

(4.61) L =

J∏
j=1

n∏
i=1

[
π̂j
fηj (zi|Dji = 1)Pγj (Si = 1|Dji = 1, zi)

Pθj (Si = 1|Dji = 1)

]Dji
This formulation is based on being able to classify the observations into cohorts
and since the π1, ..., πj estimators are not functions of the unknown parameters
to be estimated θ, one can simplify the likelihood function and formulate it as a
product of the conditional (on cohort) truncated densities solely:

(4.62) L∗ =

J∏
j=1

n∏
i=1

[
fηj (zi|Dji = 1)Pγj (Si = 1|Dji = 1, zi)

Pθj (Si = 1|Dji = 1)

]Dji
Thus, one does not need to assume a prior probability function for the di-

chotomous variables.

The probability to participate for an observation from the j’th cohorts with
the covariates vector zi = [z11

, ..., zp1 ]T is defined as follows:

(4.63) Pγj (Si = 1|zi,D = Dj) = 1− Φ
(
−γj0 − z′iγ

∗
j

)
,

where γj = [γj0 ,γ
∗
j ]T is the j’th cohort selection equation’s coefficients vector

which contains a scalar γj0 (for the intercept) and a vector γ∗j of size (p× 1).

The probability to participate for a random observation from the j’th cohort
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as a function of the parameters vector θj ≡ [ηj, γj ]
T is:

(4.64) Pθj (S = 1|D = Dj) = 1− Φ

− γj0 + µ′jz γ
∗
j√

1 + γ′∗j Σjγ∗j

 .

The log-likelihood function to be maximized with respect to the parameters θ
is defined as follows:

(4.65) lnL∗ =

J∑
j=1

n∑
i=1

Dji lnφp

(
zi,µ

j
z,Σ

j
p×p

)
+

J∑
j=1

n∑
i=1

Dji ln
[
1− Φ

(
−Z′iγj

)]
−

J∑
j=1

nj ln

(
1− Φ

(
−
γj0 + µ′jz γ

∗
j

σjw

))
,

where σjw ≡
√

1 + γ′∗j Σjγ∗j .

Then, post-estimation one can calculate the probability for a random obser-
vation to participate for each cohort separately using (4.64) and compare it to
the participants proportion in the j’th cohort as follows:

(4.66) P̂θj (S = 1|D = Dj) =
nj
Nj

,

implying that by extracting Nj from (4.66) we obtain the following estimator:

(4.67) N̂j =
nj

P̂θj (S = 1|D = Dj)
,

for the total number of observations in the j’th cohort (participants and non-
participants).

Then we suggest the following estimator for the proportion of participants in
the complete sample as:

(4.68) P̂ (S = 1) =

∑J
j=1 nj∑J
j=1 N̂j

Additionally, an estimator for the proportion of observations in the complete
data which belong to the j’th cohort can be obtained, as follows:

(4.69) P̂ (D = Dj) =
N̂j∑J
j=1 N̂j

Next, we discuss the estimation procedure for the case where the binary re-
sponse model is completely separated by some dichotomous covariates.

4.3. Completely separating dichotmous variables

Let examine the case where the sample consists of J mutually exclusive cohorts
and as before, can be split into two complement subsets J1 and J2, which are
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differentiated also by the binary outcome variable:

(4.70) sj =

{
1, if j ∈ J1

0, if j /∈ J1

, j = 1, ..., J.

For instance, the outcome variable is a binary employment status: employed
or unemployed, such that the cohorts belonging to J1 subset are employed men
(sj = 1) and all other cohorts belonging to J2 are unemployed women (sj = 0).
If one is interested in estimating the effect of gender on the probability of being
employed, a conventional binary response model cannot be applied to estimate
this coefficient using the observed data, because the outcome variable is com-
pletely separated by gender. However, a complete separation in the truncated
sample, does not imply a complete separation in the complete sample. In the
truncated sample two control groups are unobserved: the unemployed men and
the employed women. In order to bypass the problem of complete separation one
needs to recover the unobserved control groups. The methodology to recover the
complete data distribution function relies on the principle of characterizing the
complete data distribution function as a function of the parameters estimated us-
ing the observed truncated data. The unobserved complete data density function
is the same as in equation (4.54).

Conditional on the selection variable, a truncated multivariate density mixture
is obtained:

(4.71) fθ(z|Si = sj) =

J∑
j=1

P (D = Dj |Si = sj)fθj (z|Si = sj ,D = Dj).

The probabilities P (D = Dj |Si = sj) are estimated non-parameterically in
a similar fashion to (4.59) and are not functions of the unknown parameters to
be estimated in vector θ. Thus, the likelihood function to be maximized with
respect to the unknown parameters is:26

(4.72) L∗ =

J∏
j=1

n∏
i=1

[
fηj (zi|Dji = 1)Pγj (Si = sj |Dji = 1, zi)

Pθj (Si = sj |Dji = 1)

]Dji
.

The probability function of the selection variable conditional on the covariates
vector zi and belonging to the j’th cohort, is described as follows:

(4.73) Pγj (Si = sj |Dji = 1, zi) =

{
1− Φ(−Z′iγj), if sj = 1

Φ(−Z′iγj), if sj = 0
, j = 1, ..., J.

The probability function of the selection variable conditional on belonging to

26We assume a unique parameters set for each cohort in order to simplify the likelihood
function.



A.H. Parola

34 NIR BILLFELD MOSHE KIM

the j’th cohort for a random observation is described as follows:

(4.74) Pθj (Si = sj |Dji = 1) =

1− Φ(−γj0+µ′jz γ
∗
j

σjw
), if sj = 1

Φ(−γj0+µ′jz γ
∗
j

σjw
), if sj = 0

, j = 1, ..., J.

In both equations (4.73) and (4.74) the probabilities for the mutually exclu-
sive events sj = 1 and sj = 0 to be selected and not selected respectively are
complimentary probabilities.

It follows that the log-likelihood function obtained from (4.72) using (4.73)
and (4.74) is:

(4.75) lnL∗ =

J∑
j=1

n∑
i=1

Dji lnφjp (zi) +

J∑
j=1

n∑
i=1

Dji ln
[
Pγj (Si = sj |Dji = 1, zi)

]
−

J∑
j=1

nj ln
(
Pθj (Si = sj |Dji = 1)

)
,

where φjp(zi) ≡ φp(zi,µj,Σ
j
p×p).

Once the parameters vector θ is estimated, each dichotomous variable effect on
the probability to participate is obtained in a similar fashion to the conventional
Probit analysis by calculation of the probability to be selected (post estimation)
for a given observation, as if the complete data with all the control groups are
accessible. In the next section we will validate our theory and test for robustness
by using Monte-Carlo simulations.

5. Validation and robustness

In this section we examine how well our methodology performs in the case of
truncated data relative to conventional Probit analysis. In order to validate our
methodology we use Monte-carlo simulations. In each iteration the simulation
is based on generation of random data consisting of covariates vectors which
are drawn independently from the specified multivariate density. For simplicity
we use the multivariate normal density function and construct an endogenous
selection rule as a monotonic function of the generated sample covariates and a
random disturbance as in equation (2.2). By construction each one of the covari-
ates is an exogenous variable which is uncorrelated with the selection equation’s
random disturbance. This procedure is intended to generate two nested samples
(for each iteration). The first sample is the non-truncated data, in the sense that
we have both participants and non-participants. The second sample is a sub-
sample of the first one, consisting solely on observations preserving the selection
rule (participants) referred to as the truncated data. The selection rule depends
on a weighted sum of the observation covariates (the endogenous component)
and a random disturbance. As before, the weights are the ((p+ 1)× 1) coeffi-
cients vector, γ, in the participation equation. However, this time we deliberately
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set these coefficients’ values (the true parameters in the population), in order to
make a comparison between their estimated values and their theoretical values.
For that purpose, we estimate the standard deviation for each estimated pa-
rameter as well. The procedure involves estimation of the following two different
models: (i) The conventional Probit estimation using the non-truncated data. All
the participants’ and non-participants’ covariates are used in the estimation. (ii)
The Truncated Probit estimation using the truncated data. Only participants’
observations are used in the estimation.

In table (II) we present simulations results. We sample 200,000 observations
from two independent distributions: the covariate zi is drawn from a normal
distribution with the two parameters: µz (stands for its expectation), and σz
(stands for its standard deviation). The random disturbance is drawn from a
standard normal distribution ξ2i. Then based on these two random variables we
construct the participation latent variable Y2i = Z′iγ + ξ2i,

27 such that Zi =

[1, zi]
T

. Several parameters settings are examined. In the first parameters setting,

we set [µz, σz]
T

= [5, 2.1]T and γ = [−2.55, 1.23]T . In the second parameters

setting, we set [µz, σz]
T

= [−8, 4]T and γ = [−1.55,−0.75]T .28 Then we estimate
the two models as described above, and repeat this procedure 20,000 times.

Based on 20,000 samples randomly generated, in the first parameters setting,
the conventional Probit estimators produce values of −2.5501 and 1.2301 for the
intercept and the slope respectively (on average) and the corresponding standard
deviations of 0.0215 and 0.0081 respectively. The Truncated Probit estimators
produce values of −2.5508 and 1.2304 on average for the intercept and the slope
respectively, with corresponding standard deviations of 0.0353 and 0.0223 re-
spectively.

In the second parameters setting, the conventional Probit estimators produce
values of −1.5501 and −0.75 for the intercept and the slope respectively (on
average) and the corresponding standard deviations of 0.0172 and 0.0055 respec-
tively. The Truncated Probit estimators produce values of −1.5505 and −0.7504
on average for the intercept and the slope respectively, with corresponding stan-
dard deviations of 0.0246 and 0.0143 respectively. We have also calculated the
bootstraps standard deviations in order to measure how accurately that likeli-
hood standard deviations were calculated.

We conduct sensitivity test to measure the influence of an increase in number
of observations on the accuracy of the truncated sample estimators. Using the

27We denote participant observations by Si = 1 when Y2i > 0.
28These figures are set arbitrarily for the sake of the Monte Carlo simulations.
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following root mean square gap Rj(n) measure:29

(5.1) Rj (n) =

 1

n

n∑
i=1

(
γ̂tpi,j − γ̂

p
i,j

γ̂pi,j

)2
1/2

,

where γpi,j stands for the Probit’s j’th coefficient estimated using the full sample,

and where γtpi,j stands for the truncated Probit’s j’th coefficient estimated using
the truncated sample. The sample size is denoted by nk.

Another accuracy measure is the change in root mean square gap ∆Rj(n):

(5.2) ∆Rj (n1, n2) =

(
α× Rj (n2)−Rj (n1)

n2 − n1

)
.

This is the measure of the contribution of α additional observations to the
truncated Probit estimators’ accuracy (in terms of proximity to Probit estima-
tors). For α = 1000 we obtain the results described in table (I).

The last estimators’ accuracy measure is the δ coefficient used for the calcula-
tion of the estimators’ standard deviations convergence rate nδ with respect to
the sample size. This coefficient is calculated based on the following ratio:

(5.3) δ =
(

ln
σ1
σ2

)
/
(

ln
n2
n1

)
.

Based on table (I), the distance between truncated Probit and full sample Pro-
bit estimators is getting smaller with number of observations. This is captured
by Rj which implies that there is a much more similarity between truncated Pro-
bit and full sample Probit as number of observation increases. Additionally, the
contribution of 1,000 additional observations to the truncated Probit estimators’
accuracy (in terms of proximity to Probit estimators) is higher the smaller the
initial sample. This is embodied in the value of ∆Rj which becomes smaller and
eventually approaches zero as number of observations increases. Additionally, the
convergence rate in truncated Probit is slightly above

√
n. For a sample of 3,000

observations the estimators γ̂0 and γ̂1 have both O(1/n0.57) standard deviation,30

implying that for each of these estimators the convergence rate is n0.57. When
the number of observations increases to 20,000 the convergence rate decreases
to the conventional

√
n convergence rate.31 Similarly, for comparison we present

29The standardized root mean square error (rmse) based on n Monte-Carlo simulations is

based on a similar formula, which is: R
(
θ̂
)

=

(
1
n

∑n
i=1

(
θ̂i−θ
θ

)2)1/2

. However, our motivation

is to find the relative accuracy of the truncated Probit in comparison to full sample Probit.
30The O notation’s formal definition is as follows: For two sequences of non-negative numbers

{an} and {bn}, there exist two positive constants A and B such that A ≤ an/bn ≤ B. Then, if
an = O(bn) and bn converges to zero as n approaches infinity, then an also convergences to zero
with the same convergence rate. Thus, O(n−0.57) implies that the estimator’s standard devia-
tion converges to zero at the same rate as n−0.57 approaches zero, when n approaches infinity.
Consequently, doubling the sample size, shrinks the standard deviation of γ̂1 by 20.574 = 1.488
which is 5% faster than the conventional Probit convergence rate (20.508 = 1.422).

31Ordinary Least Square errors convergence rate is
√
n (Murray, 2005). Many semi para-
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the full sample Probit convergence rate for the aforementioned estimators, which
is almost constant and close to

√
n convergence rate. It is apparent from the re-

sults presented, that both models (the full sample model and the truncated one)
produce nearly the same results. This is especially true for samples with over
5,000 observations. These results points to the validity and robustness of our
correction for the selectivity bias generated by truncated samples. As can be
seen, from entries in table (II) through table (V) the bootstraps standard devi-
ations are almost identical to the conventional standard deviations, pointing to
the high accuracy of our proposed method.

TABLE I

Convergence Mesaures

Parameter
Sample size

3,000 5,000 8,000 10,000 12,000 15,000 20,000 50,000

Rj

γ0 0.1127 0.0768 0.0591 0.0515 0.0469 0.0412 0.0355 0.0219

γ1 0.1737 0.1186 0.0912 0.0791 0.0717 0.0635 0.0551 0.0341

∆Rj

γ0 -0.0179 -0.0059 -0.0038 -0.0023 -0.0019 -0.0011 -0.0005 -0.0001

γ1 -0.0276 -0.0091 -0.0061 -0.0037 -0.0028 -0.0017 -0.0007 -0.0001

Truncated Probit: δ coefficient (nδ is the convergence rate)

γ0 0.5711 0.5387 0.5315 0.5165 0.5210 0.5125 0.5064 0.5022

γ1 0.5738 0.5405 0.5322 0.5173 0.5257 0.5119 0.5066 0.5023

Probit: δ coefficient (nδ is the convergence rate)

γ0 0.5065 0.5037 0.5032 0.5022 0.5036 0.5011 0.5008 0.5002

γ1 0.5079 0.5041 0.5036 0.5033 0.5044 0.5010 0.5010 0.5002

Note: We examine three different measures. First, the relative difference between Probit and truncated
Probit estimators is calculated based on equation (5.1) for covergence rate’s evaluation (as a function
of observations’ number). Second, the marginal effect of increasing the sample by 1000 observations is
calculated. Third the convergence rate is calculated for both the truncated Probit and the full sample
Probit. The estimators’ convergence rate is measured by nδ, implying that multiplying the sample size
by 2, shrinks the estimators’ standard deviations by 2δ.

metric regression models are characterized by
√
n consistent estimators (Robinson, 1988).
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TABLE II

Monte Carlo Simulation.

Parameter
Probit Truncated Probit

Mean Median Std. Std.(b) Mean Median Std. Std. (b)

N = 200,000

γ0 = −2.55 -2.5501 -2.5499 0.0215 0.0213 -2.5508 -2.5506 0.0353 0.0343

γ1 = 1.23 1.2301 1.230 0.0081 0.0080 1.2304 1.2300 0.0223 0.0217

σz = 2.1 0 0 0 0 2.1001 2.1001 0.0081 0.0080

µz = 5 0 0 0 0 4.9997 4.9999 0.0139 0.0138

γ0 = −1.55 -1.5501 -1.5500 0.0172 0.0172 -1.5505 -1.5502 0.0246 0.0243

γ1 = −0.75 -0.7500 -0.7500 0.0055 0.0055 -0.7504 -0.7501 0.0143 0.0141

σz = 4 0 0 0 0 4 3.9998 0.0134 0.0133

µz = −8 0 0 0 0 -8 -8.0004 0.0211 0.0210

N = 50,000

γ0 = −2.55 -2.5508 -2.5506 0.043 0.0428 -2.5544 -2.5527 0.0707 0.0689

γ1 = 1.23 1.2303 1.2301 0.0162 0.0161 1.2323 1.231 0.0447 0.0439

σz = 2.1 0 0 0 0 2.1004 2.1002 0.0162 0.0161

µz = 5 0 0 0 0 4.9991 4.9999 0.0278 0.0277

γ0 = −1.55 -1.5513 -1.5511 0.0344 0.034 -1.5532 -1.5533 0.0493 0.0478

γ1 = −0.75 -0.7505 -0.7504 0.0111 0.0110 -0.7517 -0.7506 0.0288 0.0283

σz = 4 0 0 0 0 4.0004 4.0000 0.0269 0.0267

µz = −8 0 0 0 0 -7.9987 -7.9996 0.0422 0.042

N = 20,000

γ0 = −2.55 -2.5527 -2.5526 0.0680 0.0672 -2.5602 -2.5570 0.1124 0.1097

γ1 = 1.23 1.2311 1.2308 0.0256 0.0253 1.2356 1.2331 0.0712 0.0703

σz = 2.1 0 0 0 0 2.1006 2.0996 0.0256 0.0257

µz = 5 0 0 0 0 4.9977 5.0001 0.0443 0.0446

γ0 = −1.55 -1.5544 -1.5521 0.0772 0.0775 -1.5647 -1.5611 0.1117 0.1134

γ1 = −0.75 -0.7517 -0.7512 0.0249 0.0251 -0.7588 -0.7540 0.0657 0.0671

σz = 4 - - - - 4.0021 4.0005 0.0605 0.0607

µz = −8 - - - - -7.9944 -7.9996 0.0955 0.0960

Note: We estimate by maximum likelihood method the parameters for the truncated Probit and the
conventional Probit, and compute the standard deviation in every random sample consisting of N
observations. Then, we calculate for these estimates the mean, median and standard deviation over all
data sets. The Monte Carlo standard deviations of the simulation are the average standard deviations
over all data sets (computed as a function of the maximum likelihood Hessian). Std(b) stands for
bootstrapping standard deviation.
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TABLE III

Monte Carlo Simulation.

Parameter
Probit Truncated Probit

Mean Median Std. Std.(b) Mean Median Std. Std. (b)

N = 15,000

γ0 = −2.55 -2.5533 -2.5514 0.0786 0.0782 -2.5649 -2.559 0.1303 0.1276

γ1 = 1.23 1.2313 1.2305 0.0296 0.0294 1.2382 1.2337 0.0824 0.0813

σz = 2.1 0 0 0 0 2.1009 2.1 0.0296 0.0295

µz = 5 0 0 0 0 4.9972 5.0003 0.0512 0.0511

γ0 = −1.55 -1.5526 -1.5513 0.0629 0.0621 -1.5589 -1.5567 0.0906 0.0887

γ1 = −0.75 -0.7511 -0.7506 0.0203 0.0201 -0.7558 -0.753 0.0531 0.0524

σz = 4 0 0 0 0 4.0011 3.9996 0.0493 0.0491

µz = −8 0 0 0 0 -7.9965 -7.9996 0.0776 0.0769

N = 12,000

γ0 = −2.55 -2.555 -2.5534 0.0879 0.0871 -2.569 -2.5632 0.1463 0.1432

γ1 = 1.23 1.232 1.231 0.0331 0.0327 1.2407 1.2349 0.0927 0.0909

σz = 2.1 0 0 0 0 2.1008 2.0995 0.0332 0.0331

µz = 5 0 0 0 0 4.9969 5.0007 0.0574 0.0574

γ0 = −1.55 -1.5532 -1.5523 0.0704 0.0699 -1.5617 -1.5589 0.1016 0.1001

γ1 = −0.75 -0.7514 -0.7508 0.0227 0.0227 -0.7571 -0.7534 0.0596 0.0594

σz = 4 0 0 0 0 4.0019 4.0008 0.0552 0.0551

µz = −8 0 0 0 0 -7.9949 -7.999 0.087 0.0873

N = 10,000

γ0 = −2.55 -2.5552 -2.5530 0.0963 0.0969 -2.5726 -2.5641 0.1609 0.1628

γ1 = 1.23 1.2323 1.2312 0.0363 0.0365 1.2427 1.2353 0.1019 0.1035

σz = 2.1 - - - - 2.1012 2.0998 0.0364 0.0365

µz = 5 - - - - 4.9956 5.0003 0.0632 0.0637

γ0 = −1.55 -1.5544 -1.5521 0.0772 0.0775 -1.5647 -1.5611 0.1117 0.1134

γ1 = −0.75 -0.7517 -0.7512 0.0249 0.0251 -0.7588 -0.7540 0.0657 0.0671

σz = 4 - - - - 4.0021 4.0005 0.0605 0.0607

µz = −8 - - - - -7.9944 -7.9996 0.0955 0.096

Note: We estimate by maximum likelihood method the parameters for the truncated Probit and the
conventional Probit, and compute the standard deviation in every random sample consisting of N
observations. Then, we calculate for these estimates the mean, median and standard deviation over all
data sets. The Monte Carlo standard deviations of the simulation are the average standard deviations
over all data sets (computed as a function of the maximum likelihood Hessian). Std(b) stands for
bootstrapping standard deviation.
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TABLE IV

Monte Carlo Simulation.

Parameter
Probit Truncated Probit

Mean Median Std. Std.(b) Mean Median Std. Std. (b)

N = 8000

γ0 = −2.55 -2.5567 -2.5534 0.1078 0.1072 -2.5811 -2.5698 0.1809 0.1797

γ1 = 1.23 1.2330 1.2317 0.0406 0.0404 1.2474 1.2386 0.1146 0.1157

σz = 2.1 0 0 0 0 2.1017 2.1003 0.0408 0.0411

µz = 5 0 0 0 0 4.9945 4.9996 0.0709 0.0716

γ0 = −1.55 -1.555 -1.5528 0.0863 0.0857 -1.5666 -1.5632 0.1252 0.1224

γ1 = −0.75 -0.7521 -0.7512 0.0279 0.0276 -0.7601 -0.7546 0.0738 0.0738

σz = 4 0 0 0 0 4.0026 4.0008 0.0678 0.0672

µz = −8 0 0 0 0 -7.993 -7.9988 0.1073 0.1074

N = 5000

γ0 = −2.55 -2.5605 -2.5564 0.1366 0.137 -2.5999 -2.5824 0.2328 0.2307

γ1 = 1.23 1.2344 1.2323 0.0514 0.0516 1.2578 1.2423 0.1477 0.1487

σz = 2.1 0 0 0 0 2.1028 2.1002 0.0519 0.0522

µz = 5 0 0 0 0 4.9910 5.0000 0.0909 0.0924

γ0 = −1.55 -1.5586 -1.5545 0.1094 0.1095 -1.5762 -1.5708 0.1602 0.1583

γ1 = −0.75 -0.7534 -0.7516 0.0354 0.0355 -0.766 -0.7563 0.0949 0.0952

σz = 4 0 0 0 0 4.0039 3.9999 0.0862 0.0854

µz = −8 0 0 0 0 -7.9888 -7.999 0.1371 0.1367

N = 3000

γ0 = −2.55 -2.5680 -2.5610 0.1770 0.1774 -2.6330 -2.6041 0.3094 0.3028

γ1 = 1.23 1.2376 1.2342 0.0667 0.0672 1.2750 1.2490 0.1964 0.1972

σz = 2.1 0 0 0 0 2.1054 2.1006 0.068 0.0683

µz = 5 0 0 0 0 4.9826 4.9972 0.1208 0.1232

γ0 = −1.55 -1.5646 -1.5593 0.1420 0.1416 -1.6016 -1.5887 0.2127 0.2107

γ1 = −0.75 -0.756 -0.7532 0.0459 0.046 -0.7824 -0.7629 0.1279 0.1315

σz = 4 0 0 0 0 4.0068 4.0005 0.1119 0.1110

µz = −8 0 0 0 0 -7.9817 -7.9984 0.1794 0.1802

Note: We estimate by maximum likelihood method the parameters for the truncated Probit and the
conventional Probit, and compute the standard deviation in every random sample consisting of N
observations. Then, we calculate for these estimates the mean, median and standard deviation over all
data sets. The Monte Carlo standard deviations of the simulation are the average standard deviations
over all data sets (computed as a function of the maximum likelihood Hessian). Std(b) stands for
bootstrapping standard deviation.
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TABLE V

Monte Carlo Simulation.

Parameter
Probit Truncated Probit

Mean Median Std. Std.(b) Mean Median Std. Std. (b)

N = 2000

γ0 = −2.55 -2.5814 -2.5699 0.2180 0.2178 -2.6818 -2.6325 0.3959 0.3843

γ1 = 1.23 1.2430 1.2383 0.0822 0.0821 1.3032 1.2604 0.2517 0.2531

σz = 2.1 0 0 0 0 2.1076 2.1004 0.0841 0.084

µz = 5 0 0 0 0 4.9772 5.0008 0.1513 0.1543

γ0 = −1.55 -1.5753 -1.5643 0.1750 0.1733 -1.6320 -1.6147 0.2679 0.2566

γ1 = −0.75 -0.7600 -0.7554 0.0567 0.0567 -0.7991 -0.7723 0.1631 0.1667

σz = 4 0 0 0 0 4.0116 4.0033 0.1386 0.1381

µz = −8 0 0 0 0 -7.9686 -7.9929 0.2248 0.2253

Note: We estimate by maximum likelihood method the parameters for the truncated Probit and the
conventional Probit, and compute the standard deviation in every random sample consisting of N
observations. Then, we calculate for these estimates the mean, median and standard deviation over all
data sets. The Monte Carlo standard deviations of the simulation are the average standard deviations
over all data sets (computed as a function of the maximum likelihood Hessian). Std(b) stands for
bootstrapping standard deviation.

Based on table (V) for a small sample size (below 3000 observations) both the
intercept estimator γ̂0 and the slope estimator γ̂1 are biased upward in absolute
values. However, these estimators are less biased in median than in expectation.
While the incidental parameters’ estimators [µ̂z, σ̂z] are less biased than the
parameters of interests’ estimators. Additionally they are not biased in median.
Thus, even in the presence of small samples the parameters characterizing the
non-truncated density function can be recovered from the truncated data.

6. Guaidance for empirical work

In this section we sketch the needed procedure which will enable empirical re-
searchers to apply the aforementioned procedure for the correction of parameters
estimates which are affected by endogenous truncation bias.

The correction for selectivity bias procedure in the case of truncation requires
the following four steps: First, specifying both regression equations as a function
of unknown parameters to be estimated:

Y1i = β0 + xiβ
∗ + ξ1i(6.1)

the substantive equation, where the vector xi of size (1× p) contains all the
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substantive equation covariates, β∗ is a (1× p) parameters vector consisting of
k coefficients and β0 is an intercept, and,

Y2i =

J∑
j=1

Dji(γj0 + ziγ
∗
j ) + ξ2i(6.2)

the selection equation, where each cohort j ∈ J is characterized by its own
coefficients vector γ∗j ≡ [γj1, ..., γjp]

T of size (p× 1), and γj0 is an intercept
for the j’th cohort. The vector zi of size (1× p) contains all the participation
equation covariates. The dichotomous variable Dji specifies a membership in the
j’th cohort for the i’th observation and is defined as follows:

(6.3) Dji =

{
1, if the observation i belongs to the j’th cohort

0, otherwise
.

Second step involves the maximization of the maximum-likelihood function
(6.4) with respect to participants covariates’ vector of expectation µjz and co-

variance matrix Σjp×p, and the parameters of the selection equation γj0 and γ∗j
for j = 1, ..., J :

(6.4) lnL =

J∑
j=1

n∑
i=1

Dji lnφjp (zi) +

J∑
j=1

n∑
i=1

Dji ln
[
1− Φ

(
−γj0 − z′iγ

∗
j

)]

−
J∑
j=1

njDji ln

(
1− Φ

(
−
γj0 + µ′jz γ

∗
j

σjw

))
,

where φjp(zi) ≡ φp(zi,µj,Σ
j
p×p).

Using a numeric global maximum search method (such as the Trust Region
algorithm32) one can obtain the parameters vector which maximizes the log-
likelihood function. For faster optimization of the maximum likelihood, it is
recommended to maximize (6.4) using the following first order conditions:

(6.5)
∂logL

∂µjz
= (Σj)−1

n∑
i=1

Dji

(
zi − µjz

)
− njλjδ

1

σjw
γ∗j = 0, j = 1, ..., J

(6.6)
∂logL

∂γj0
=

n∑
i=1

Djiλji − njλjδ
1

σjw
= 0, j = 1, ..., J

32For faster computations, the Trust Region Optimization algorithm (Geyer, 2014) is prefer-
able for global optimization since it is based on a simplification (a quadratic approximation)
of the objective function to be maximized. This algorithm is available in MATLAB and in R
software (using the ’trust’ package).
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(6.7)
∂logL

∂Σj
= −1

2

(
nj − (Σj)−1

n∑
i=1

Dji

(
zi − µjz

) (
zi − µjz

)′)
(Σj)−1+

1

2
njλjδ

γ0j + µ′jz γ
∗
j

σ3
jw

γ∗j γ
′∗
j = 0, j = 1, ..., J

(6.8)
∂logL

∂γ∗j
=

n∑
i=1

Djiλjizi + njλjδ
(γj0 + µ′jz γ

∗
j )Σjγ∗j − µjzσ

2
jw

σ3
jw

= 0,

j = 1, ..., J

where σjw ≡
√

1 + γ′∗j Σjγ∗j and λji ≡
φ(−γj0−z

′
iγ
∗
j )

1−Φ(−γj0−z
′
iγ
∗
j )

Once the log-likelihood function (6.4) is maximized, the estimators γ0, γ̂∗, µ̂z
and Σ̂p×p are obtained.33 In the third step, based on the vector of parameters’
estimates γ̂34 from previous step, the inverse Mills ratio is calculated for each

observation, using the following equation: λ̂i =
φ(−

∑J
j=1DjiZ

′
iγ̂j)

1−Φ(−
∑J

j=1DjiZ
′
iγ̂j)

, where φ

and Φ are the standardized univariate normal density and cumulative density
functions respectively.

The final step is estimating the equation of interest Y1i = β0 +xiβ
∗+σλ̂i+ ξ̃1i

using λ̂i calculated in previous step as an additional covariate, where the vector
β∗ and the scalars σ and β0 are the parameters to be estimated. The random
disturbance is ξ̃1i.

Alternatively, one can run a partially linear regression as introduced by Robin-
son (1988): Y1i = β0 + xiβ

∗ +M (mi), where mi = −
∑J
j=1DjiZ

′
iγ̂j .

35

By employing this procedure, one can correct for the selectivity bias propa-
gated by truncated data.

7. Summary

Selectivity bias propagated by truncated data, can be corrected. The identi-
fication of the participation equation parameters, involves the maximization of
the multivariate truncated density function with respect to unknown parame-
ters which generated the incomplete data we observe. Some of those parameters
are incidental parameters used for sake of identification. The ability to identify
the non-participants’ characteristics can be of value for decision makers to affect
the selection rule. This can be done by utilizing the counterfactual participants’

33Initial values for the expectations vector µz and the covariance matrix Σp×p are the
sample averages of all the covariates and the sample covariance matrix respectively. Initial
values for the vector γ are chosen arbitrarily.

34The log-likelihood function in equation (4.46) is constant when V ′γ →∞ for every vector
V , since it implies that Φ(−V ′γ)→ 0, and consequently lnL→

∑n
i=1 lnφp (zi,µz ,Σp×p).

35In case that the disturbances are not i.i.d estimate this equation using the option robust
standard errors in Stata.
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distribution function, representing the participants’ distribution function in an
alternative state of nature. Consequently, one can estimate what would be the
the percentage of participants and the participants’ composition (their charac-
teristics’ distribution) in the general population as a result of a change in one
(or more) of the selection rule’s coefficients.

The methodology introduced in this paper can recover the unobserved non-
truncated density function’s unknown parameters based only on the observable
truncated density function. Robustness verification results indicate that the trun-
cated Probit estimators are very accurate, consistent, their convergence rate is
above the conventional

√
n consistency and are identical to the conventional full

sample (non-truncated) Probit estimators.

A rather more general specification of the model to accommodate for dichoto-
mous variables enables the differentiation among various cohorts which may exist
in the data, by their characteristics’ distribution function and their respective
selection rule. This can contribute for policy effects on both the probability to
be selected and the outcome variable in the substantive equation. The cases in
which participation can be perfectly determined by cohorts imply that the selec-
tion rule is completely separated by the cohorts. In conventional binary response
models such as Probit and Logit, the maximum likelihood estimate for the set
of completely separate covariates does not exist. However, data reconstruction
can overcome this problem, by recovering the omitted control groups. For each
cohort the omitted control group is its complement, such that the particpants
are the complement of non-participants and vice versa.

8. Appendix

Theorem 8.1 Let Y = [y1, ..., yp]
T

denote a multivariate normal distributed
random vector Np (µ,Σ) where µ is the expectations vector of size (p× 1) and
Σ is the covariance matrix of size (p× p). Then, the weighted sum T = γ′Y
is normally distributed, such that T ∼ N (µ′γ,γ′Σγ) where γ is a coefficients
vector of size (p× 1).

Proof: For a p dimensional multivariate normal distribution Y ∼ Np (µ,Σ)
where µ = [µ1, ..., µp]

T and σjk = cov(Yj , Yk) j, k = 1, .., p, the characteristic
function is given by: ϕY (t) = E[exp(itTY )] = exp(itTµ − 1

2t
TΣt) and conse-

quently, ϕY (t) = exp(i
∑p
j=1 tjµj −

1
2

∑p
j=1

∑p
k=1 tjtkσjk).

Now, suppose we define a new random variable T = γ′Y =
∑p
j=1 γjYj . The

characteristic function for T is the same as for Y: ϕT (t) = exp(itT ) = exp(itγ′Y ),
implying that ϕT (t) = ϕY (tγ) = exp(it

∑p
j=1 γjµj −

1
2 t

2
∑p
j=1

∑p
k=1 γjγkσjk).

We can compare between the characteristic function of T and the character-
istic function of a univariate normal variable X ∼ N (µX , σ

2
X) which is: ϕXt =

exp(itµX − 1
2 t

2σ2
X), by defining µT =

∑p
j=1 γjµj and σ2

T =
∑p
j=1

∑p
k=1 γjγkσjk.
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Hence, because the characteristic function of T is equivalent to the character-
istic function of X, the distributions must be also equal. Thus, T is normally
distributed. �

Let [zp×1, ξ2]T ∼ Np+1


µzp×1

01×1

 ,
Σp×p 0p×1

01×p 11×1


 and γ ≡ [γ0,γ

∗] is

a vector composed of a scalar γ0 and a vector γ∗ of size (p× 1), such that
γ∗ ≡ [γ1, ..., γp]

T .

Based on theorem (8.1), using the weighted sum of a random variables vector
distributed multivariate normal, it is possible to simplify the high-dimensional
integral in the following equation:

(8.1) Pθ(Si = 1) = P (Z′iγ + ξ2i > 0) =∫
vp

...

∫
v1

fη (v1, ...vp)P
(
Z′iγ + ξ2i > 0|z1i = v1, ..., zpi = vp

)
dv1...dvp.

to obtain the following close-form formula:

(8.2) Pθ(Si = 1) = P (γ0 + z′iγ
∗ + ξ2i > 0) = 1− Φ

(
− γ0 + µz

′γ∗√
1 + γ′∗Σγ∗

)
.
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